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Chapter 1

Numeral Systems of Ancient
Civilizations

Introduction: What is a Numeral System?

Before studying individual civilizations, it is essential to understand what a numeral system is
and why its historical development matters for modern mathematics.

Numeral System

A numeral system is a systematic way of expressing numbers using a set of symbols
(digits or signs) according to fixed rules. Every numeral system must specify:

e A base (or radix) — the number of unique symbols before repetition/grouping occurs.

¢ A method of combining symbols to represent larger quantities.

Simple Grouping System

I

A simple grouping system assigns a distinct symbol to each power of the base and rep-
resents a number by repeating these symbols as many times as needed, then adding their
values. There is no dependence on the position of a symbol. The Egyptian hieroglyphic
system is the classic example.

Positional (Place-Value) System

A positional system assigns value to a digit based on both the symbol and its position
within the numeral. This allows a small set of symbols to represent arbitrarily large
numbers efficiently. The Babylonian sexagesimal system was the first known positional
system in history; our modern decimal system is also positional.

Why This Matters: Positional notation, not simple grouping, is what makes efficient
arithmetic (multiplication, division, and eventually algebra) possible. Tracing how civiliza-
tions moved from grouping systems to positional systems is one of the central narratives in
the history of mathematics.

Egyptian Numerals

Historical Background

Ancient Egyptian mathematics developed along the Nile Valley from roughly 3000 BCE on-
ward, driven by practical needs: land surveying after the annual Nile floods, taxation, construc-
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History of Mathematics Egyptian Numerals

tion of monuments (pyramids, temples), and astronomy for the calendar. Egyptian mathemat-
ical knowledge survives mainly through two papyri written in hieratic script (a cursive form
of hieroglyphics used by scribes).

Key Sources of Egyptian Mathematics

¢ Rhind Mathematical Papyrus (c. 1650 BCE) — copied by the scribe Ahmes from
an older document (c. 1850 BCE). Contains 84 problems on arithmetic, fractions,
algebra, geometry, and series. Housed in the British Museum.

e Moscow Mathematical Papyrus (c. 1850 BCE) — contains 25 problems, including
the famous computation of the volume of a truncated pyramid (frustum), showing
advanced geometric insight.

The Hieroglyphic Number System

Egyptian numerals form a base-10, non-positional, simple grouping system. A distinct
symbol was used for every power of ten, and numbers were formed by repeating symbols (up to
nine times each) and summing their values.

Power of 10 Hieroglyph (Description) Value
10° Single vertical stroke 1
10! Heel bone (arch shape) 10
102 Coil of rope (spiral) 100
103 Lotus flower 1,000
104 Bent finger 10,000
10° Tadpole (frog) 100,000
106 Astonished /kneeling man with raised arms 1,000,000
BRI REI R
Stroke Heel Bone Coil Lotus
=1 =10 =100 = 1000

Figure 1.1: Simplified schematic of the first four Egyptian numeral symbols (base-10 grouping).

Writing a Number in Egyptian Hieroglyphs

Represent 276 in the Egyptian system.
Solution: Decompose into powers of ten:

276 = 2(100) + 7(10) + 6(1)

So the number is written using 2 coils of rope, 7 heel bones, and 6 strokes — a total
of 15 symbols. Notice that, unlike our system, the order in which the symbol groups are
written does not affect the value; only the count of each symbol matters.

Sohaib Hasan (HOD Mathematics) 2 Horizon College Chakwal


https://www.linkedin.com/in/sohaibhassan05/

History of Mathematics Babylonian Numerals

Egyptian Fractions

Unit Fraction

The Egyptians expressed almost every fraction as a sum of distinct unit fractions

1 2
(fractions with numerator 1), written as —. The only common exception was 3’ which
n

had its own symbol.

Egyptian Fraction Decomposition

2
Express — as a sum of distinct unit fractions.

Solution:
2 1 H 1
5 3 15

1 1 5 1 6 2
heck: — 4 — =2 2 _ 0% _2
Check: s+ Z=G Vv "1 5 Y

The Eye of Horus Fractions: A special notation based on parts of the wedjat (Eye of

111 1 1
H | he fractions =, -, =, —, —, — — ially f
orus) symbol was used to represent the fractions 2 13 16’ 32’ 64 used especially for

measuring grain volumes (the hekat).

Egyptian Multiplication and Division

The Egyptians had no multiplication tables. Instead, they multiplied using a method of suc-
cessive doubling and addition, which is mathematically equivalent to converting a number
to binary.

Egyptian Multiplication by Doubling

Compute 13 x 24 using the Egyptian doubling method.
Solution: Double 24 repeatedly and mark the rows whose left-hand multipliers sum
to 13 (13 =8+4+1):

Multiplier Value

vl 24
2 48
v 4 96
v'8 192

Sum the checked values: 24 + 96 + 192 = 312. Hence 13 x 24 = 312.

Babylonian Numerals

Historical Background

Babylonian mathematics flourished in Mesopotamia (modern Iraq) between the rivers Tigris and
Euphrates, primarily during the Old Babylonian period (c. 1900-1600 BCE). Knowledge
survives on hundreds of thousands of clay tablets inscribed in cuneiform script using a
wedge-shaped stylus, later baked or sun-dried for preservation — which is why so many tablets
survive intact today, in contrast to Egyptian papyri.
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History of Mathematics Babylonian Numerals

The Sexagesimal (Base-60) System

Sexagesimal System

The Babylonians used a base-60 (sexagesimal) positional system. Remarkably,
only two symbols were needed:

e A thin vertical wedge | representing 1.
e A sideways/corner wedge < representing 10.

These two symbols were combined (by simple grouping, up to 59) to form the digits 1
through 59, which were then arranged positionally in powers of 60.

A [

Vertical wedge = 1 Corner wedge = 10

Figure 1.2: The two basic cuneiform wedge symbols from which all Babylonian digits (1-59)
were built.

Reading a Babylonian Positional Number

A cuneiform tablet shows the digit-groups [1, 24, 51] in sexagesimal position. Convert to
base 10.
Solution: Interpreting the groups as coefficients of decreasing powers of 60:

1 x 60% + 24 x 60" + 51 x 60° = 3600 + 1440 + 51 = 5091

(This exact sequence of digits, read instead as 1;24,51, is the famous Babylonian ap-
proximation of /2 found on tablet YBC 7289, accurate to nearly six decimal places.)

. J

The Problem of Zero

For most of Babylonian history there was no symbol for zero. A missing power of 60 was
simply left as a blank space, which created genuine ambiguity — the digit-groups [1, _, 51]
and [1, 51] could easily be confused. Only in the later Seleucid period (after c. 300
BCE) did scribes introduce a special placeholder symbol for an empty position — but even
this placeholder was never used as a true number (i.e., it never appeared at the end of a
numeral, so the value 60 and 1 remained visually ambiguous). A true zero as a number in
its own right would not appear until centuries later in India.

Babylonian Algebra and Geometry

Babylonian scribes solved problems that we would today write using quadratic equations, though
they used purely rhetorical (word-based) and geometric methods — symbolic algebraic
notation did not yet exist.

A Babylonian “Quadratic” Problem

A typical tablet problem (paraphrased): “I have added the area and the side of my square

and it is 0;45 (i.e., %) What is the side?” In modern notation this is 22 4+ = %, solved

by a geometric completing-the-square method to give x = %
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Plimpton 322: A celebrated Old Babylonian clay tablet (c. 1800 BCE) that lists fifteen
rows of numbers forming Pythagorean triples — pairs of integers satisfying a? + b* = ¢?
— over a thousand years before Pythagoras. This is strong evidence that the Babylonians
understood a form of the Pythagorean relationship long before it bore a Greek name.

Comparative Summary

Feature Egyptian Babylonian Hindu-Arabic (mod-
ern)

Base 10 60 10

Positional? No Yes Yes

Symbol for None Placeholder only (late)  Yes (true zero)

Zero

Writing Papyrus (hieratic) Clay tablets Paper / print

medium (cuneiform)

Approx. era 3000 BCE onward 1900-1600 BCE from c. 500 CE

Key source Rhind, Moscow Pa- Plimpton 322, YBC Aryabhatiya, Brahmas-
pyri 7289 phutasiddhanta

Timeline: Early Numeral Systems

L4 ¢ ¢ L4 ¢ >
3000 BCE 1900 BCE 1800 BCE 1650 BCE 300 BCE
Egyptian Old Babylonian Plimpton 322 Rhind Papyrus Babylonian
hieroglyphs begin sexagesimal system tablet (Ahmes) placeholder zero

Figure 1.3: Approximate timeline of key developments in Egyptian and Babylonian numeration
(dates are scholarly approximations and vary by source).

Exam-Focused Key Points

Must-Remember Facts for Chapter 1:
e Egyptian system: base 10, non-positional, simple grouping, 7 basic symbols (up to 10°).

e Egyptian fractions: expressed as sums of distinct unit fractions (except %), linked to
the Eye of Horus.

e Rhind Papyrus: scribe Ahmes, c. 1650 BCE, 84 problems; Moscow Papyrus: c. 1850
BCE, 25 problems (frustum volume).

e Egyptian multiplication used repeated doubling (equivalent to binary expansion).

e Babylonian system: base 60 (sexagesimal), positional, only 2 basic symbols (wedge
= 1, corner wedge = 10).

e Babylonians had no true zero for most of their history; only a late placeholder symbol
(Seleucid period, after 300 BCE).

¢ Plimpton 322: Old Babylonian tablet listing Pythagorean triples, predating Pythagoras
by over a millennium.
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e YBC 7289: tablet with a remarkably accurate sexagesimal approximation of v/2.

e Babylonian algebra was rhetorical /geometric, not symbolic; quadratics were solved by
geometric completing-the-square methods.

e Base-60 survives today in our measurement of time (60 seconds, 60 minutes) and
angles (360 degrees).

Practice Questions

Q1.

Q2.

Q3.

Q4.
Q5.

Q6.

Q7.

Qs.

Q9.

Q10.
Q11.

Q12.

Q13.

Q14.

Q15.

Define a numeral system and distinguish clearly between a simple grouping system and a
positional system, giving one historical example of each.

Describe the Egyptian hieroglyphic numeral system. List its base symbols and their values
up to 106.

Represent the number 1,538 using Egyptian hieroglyphic numerals, showing the count of
each symbol used.

What is an Egyptian unit fraction? Express 3 as a sum of distinct unit fractions.

Explain the significance of the Rhind Mathematical Papyrus. Who copied it, and approx-
imately when? Name its original source.

Briefly describe the Moscow Mathematical Papyrus and state one major mathematical
result it contains.

Explain, with a worked example, how the ancient Egyptians performed multiplication
using the doubling method.

What is meant by the “sexagesimal” system? Why is the choice of base 60 still significant
in modern life?

List the two basic cuneiform symbols used by the Babylonians and explain how they
combined to represent numbers from 1 to 59.

Convert the Babylonian sexagesimal number [2, 15, 30] into base 10.

Discuss the “problem of zero” in Babylonian mathematics. Why did the absence of a true
zero create ambiguity, and how was it eventually addressed?

What is Plimpton 3227 Explain its mathematical importance in relation to the Pythagorean
theorem.

How did the Babylonians solve problems equivalent to modern quadratic equations? Why
is their approach called “rhetorical” rather than “symbolic”?

Compare the Egyptian and Babylonian numeral systems under the headings: base, posi-
tional value, symbol for zero, and writing medium.

Explain how tablet YBC 7289 demonstrates Babylonian numerical sophistication, partic-
ularly with reference to v/2.
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Chapter 2

Hindu and Arabic Contributions to
Mathematics

Hindu (Indian) Contributions to Mathematics

Historical Background

Indian mathematics developed over a very long span — from the geometric altar constructions of
the Vedic period (c. 800 BCE, recorded in the Sulba Sutras) through the Classical period (c.
400-1200 CE), which produced the discoveries most relevant to modern arithmetic and algebra.
Unlike Egypt and Babylon, India’s greatest gift to world mathematics was not a set of solved
problems but a system of representing numbers that the entire world now uses.

The Decimal Place-Value System and the Invention of Zero

The Hindu-Arabic Numeral System

The system developed in India used ten digits (0—9) in a base-10 positional arrange-
ment — the same system used worldwide today. Its two revolutionary features, absent
from earlier systems studied in Chapter 1, were:

e A true zero, treated as a number in its own right (not merely a placeholder).

e Complete positional consistency, allowing any number, however large, to be written
with just ten symbols.

Why Indian Zero Was Different: Recall from Chapter 1 that the Babylonians eventually
used a placeholder symbol for an empty position, but never treated it as a number that
could be added, subtracted, or multiplied. Indian mathematicians were the first to give zero
(sunya) full numerical status, with defined arithmetic rules — a conceptual leap that made
algebra as we know it possible.

Aryabhata and the Aryabhatiya

Aryabhata (476-550 CE)

Aryabhata was the first major Indian mathematician-astronomer whose work survives.
His single surviving text, the Aryabhatiya (composed 499 CE), summarized existing
mathematical and astronomical knowledge in just 121 verses. Key contributions include:

e A place-value system implicit in his verse-based numeral notation.



History of Mathematics Hindu (Indian) Contributions to Mathematics

e An approximation of 7w = 3.1416, remarkably accurate for its time.
e Tables of sine values (jya), an early form of trigonometry.
e Rules for solving linear and quadratic indeterminate equations.

e An explanation of the Earth’s rotation on its axis to account for the apparent motion
of stars.

Brahmagupta and the Brahmasphutasiddhanta

Brahmagupta (598-668 CE)

Brahmagupta’s treatise Brahmasphutasiddhanta (628 CE) gave the first system-
atic rules for arithmetic with zero and negative numbers. He described positive
numbers as “fortunes” and negative numbers as “debts.”

Brahmagupta’s Rule (in words) Modern Notation
A debt minus zero is a debt —a—0=—-a

A fortune minus zero is a fortune a—0=a

Zero minus zero is zero 0-0=0

A debt subtracted from zero is a fortune 0 — (—a) =a

The product of zero and a debt or fortune 0xa =0
is zero

A fortune multiplied by a fortune is a for- (+a)(+b) =+, (—a)(—b) =+
tune; two debts multiplied make a fortune

An Honest Historical Gap: Brahmagupta also attempted to define division by zero,

stating that g = 0 and leaving a4 ambiguous. This was not correct by modern standards
— division by zero remains undefined in mathematics today — but it illustrates how even
foundational concepts like zero required centuries of refinement across civilizations before
reaching their modern rigorous form.

Brahmagupta is also remembered for Brahmagupta’s Formula, giving the area of a cyclic
quadrilateral with sides a, b, ¢, d and semi-perimeter s = w:

Area = /(s —a)(s — b)(s — ¢)(s — d)

Bhaskara II and Later Developments

Bhaskara IT (1114-1185 CE)

Also known as Bhaskaracharya, he wrote the Lilavati (arithmetic) and Bijaganita
(algebra). He developed the chakravala (cyclic) method for solving what are today
called Pell’s equations (22 — Ny? = 1), and his work contains ideas resembling the
concept of an instantaneous rate of change — a preliminary glimpse of ideas that would
later mature into differential calculus in 17th-century Europe (see Chapter 4).
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The Bakhshali Manuscript

The Bakhshali Manuscript, discovered near Bakhshali (modern Pakistan) in 1881, is a
birch-bark text of uncertain but ancient date (radiocarbon studies suggest portions may
date from the 3rd to 7th centuries CE). It is historically significant because it contains one
of the earliest surviving uses of a symbol for zero (a solid dot, bindu) functioning
as a true placeholder within a positional system, alongside methods for handling negative
numbers, fractions, and square roots.

Transmission: From India to the Arab World to Europe

Knowledge of the Indian decimal system spread westward along trade and scholarly routes.

India Arab World . i Europe
Islamic Spain

Decimal place- Al-Khwarizmi’s Fibonacci’s
< Numerals reach 5 :
value system treatise on B ; Liber Abaci
& zero (c. Hindu numerals A{lfpg \llla popularizes nu-
500-700 CE) (c. 825 CE) -Andalus merals (1202 CE)

Figure 2.1: Transmission route of the decimal place-value system and zero from India to medieval
Europe.

Why We Say “Hindu-Arabic Numerals”: The digits originated in India, but they
reached Europe through Arabic translations and commentaries. Europeans, encountering
the numerals in Arabic texts, called them “Arabic numerals” — hence the now-standard,
more historically accurate term Hindu-Arabic numerals, which credits both civilizations.

Arabic Contributions and the Rise of Algebra

Historical Background: The House of Wisdom

Under the Abbasid Caliphate, especially during the reign of Caliph al-Ma’mun (r. 813-
833 CE), Baghdad became the world’s leading center of learning. The Bayt al-Hikma (House
of Wisdom) was an institution where scholars translated Greek, Persian, and Indian scientific
texts into Arabic and produced original research of their own — preserving works (such as
Euclid’s Elements) that might otherwise have been lost, while also creating entirely new fields
of mathematics.

Al-Khwarizmi: Life and Works

Muhammad ibn Musa al-Khwarizmi (c. 780-850 CE)

A Persian scholar working at the House of Wisdom in Baghdad. His two most influential
works were:

e Al-Kitab al-Mukhtasar fi Hisab al-Jabr wal-Mugabala (“The Compendious
Book on Calculation by Completion and Balancing”), c. 820 CE — the foundational
text of algebra.

e Kitab al-Jam wal-Tafriq bi Hisab al-Hind (“On the Calculation with Hindu
Numerals”) — introduced the Indian decimal system to the Arabic-speaking world;
its Latin translations later carried these numerals into Europe.
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Two Words We Owe to Al-Khwarizmi:

e “Algebra” comes from al-jabr (“restoration” or “completion”), the operation of moving
a negative term from one side of an equation to the other to make it positive.

e “Algorithm” comes from the Latinized form of his own name, Algoritmi, used as the
title of the Latin translations of his arithmetic text.

Geometric Solution of Quadratic Equations

Al-Khwarizmi solved quadratic equations using a geometric method of completing the
square, since symbolic notation (variables, exponents, the equals sign) had not yet been in-
vented — all problems and solutions were written out in words.

Al-Khwarizmi’s Method: Completing the Square .

Solve 22 + 10z = 39.

Step 1: Draw a square of unknown side z, representing .

Step 2: Attach four rectangles, each of dimensions = by % = 2.5, to the four sides
of the square. Together these four rectangles have area 4 x 2.5z = 10z. The figure now
has area 22 + 10z = 39.

Step 3: To complete a large square, fill in the four corner gaps, each a 2.5 x 2.5
square, adding 4 x 6.25 = 25 to the figure.

Step 4: The completed large square has area 39 + 25 = 64, and its side length is

x + 5. Hence:

(z+5)2=64 — z4+5=8 =— z=3

6.25 2.5 6.25
2.5z 72 2.5z
6.25 2.5 6.25

Figure 2.2: Al-Khwarizmi’s geometric “completing the square” construction for z? 4 10z = 39.
The completed large square has side « + 5 and area 64, giving = = 3.

The Six Standard Equation Types

Because Al-Khwarizmi’s era did not use negative numbers or zero as coefficients, every quadratic
problem had to be sorted into one of six standard forms, each solved by its own geometric
recipe:

Al-Khwarizmi’s Six Types of Equations (in modern notation, with a,b,c > 0):
1. Squares equal to roots: axz? = bx
Squares equal to numbers: az? = ¢

Roots equal to numbers: bx = ¢

Squares and roots equal to numbers: az? + bz = ¢

O

Squares and numbers equal to roots: ax? + ¢ = bx
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History of Mathematics Thabit ibn Qurra (Ibn Kura)

6. Roots and numbers equal to squares: bx + ¢ = az?

This classification, though it looks cumbersome to modern eyes, was a major organizing
achievement: it was the first attempt at a general, systematic theory for solving all
quadratic equations, rather than treating each numerical problem as an isolated puzzle
(contrast with the Babylonian approach in Chapter 1).

Thabit ibn Qurra (Ibn Kura)

Life and Translations

Thabit ibn Qurra (826-901 CE)

A mathematician, physician, and astronomer from Harran (in modern Turkey), Thabit
ibn Qurra worked in Baghdad and became one of the most important translators of
Greek mathematical works into Arabic, including texts by Euclid, Archimedes, and
Apollonius. His accurate translations preserved works whose original Greek copies were
later lost, and his own original research extended Greek results in new directions.

Amicable Numbers

Amicable Numbers

Two distinct positive integers are called amicable if each equals the sum of the proper
divisors of the other. The smallest amicable pair, (220, 284), was known to the Pythagore-
ans, but Thabit ibn Qurra was the first to discover a general rule for generating such
pairs.

J

Thabit’s Rule

For an integer n > 1, define:

p=3-2"1 1, g=3-2"—1, r=9.2%"1_1
If p, g, and r are all prime numbers, then:
2"pqg and 2"r

form an amicable pair.

I '

Applying Thabit’s Rule
Let n =2:

p=312)—1=5 ¢=3A)—1=11, r=908)—-1="71
All three (5, 11, 71) are prime, so:

22.5.11 = 220, 22.71 = 284

This recovers the classical amicable pair (220,284) directly from the general formula.
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History of Mathematics Comparative Summary

Extension of the Pythagorean Theorem

Thabit ibn Qurra proved a generalization of the Pythagorean theorem that applies to any
triangle, not just right triangles: for a triangle ABC with a point chosen on side BC' so
that two auxiliary triangles are formed similar to the original, the sum of two rectangle
areas equals the area of a square on side BC' when the triangle is right-angled — reducing
exactly to a® + b?> = ¢? in that special case. This is regarded as one of the earliest true
generalizations of a Greek theorem by an Islamic-era mathematician.

A Precursor to Integral Calculus

Thabit ibn Qurra also developed methods for computing the area under a parabola using
a summation technique closely resembling the later method of integration developed by New-
ton and Leibniz nearly 800 years afterward (see Chapter 4). Along with his contemporaries,
he represents an important — and often overlooked — link in the long chain connecting
Archimedes’ method of exhaustion to the formal calculus of 17th-century Europe.

Comparative Summary

Feature Hindu (Indian) Arabic (Islamic)

Main  achieve- Decimal place value & true Systematic algebra (al-jabr)

ment Zero

Key figures Aryabhata,  Brahmagupta, Al-Khwarizmi, Thabit ibn
Bhaskara 11 Qurra

Key texts Aryabhatiya (499), Brahmas- Al-Jabr wal-Mugabala (c. 820)
phutasiddhanta (628)

Method style Verse-based rules, numerical ~ Rhetorical, later geometric

proofs
Approx. era 5th—12th century CE 8th—10th century CE

Exam-Focused Key Points

Must-Remember Facts for Chapter 2:

e India’s core contribution: the decimal place-value system with a true zero as a
number.

e Aryabhata (Aryabhatiya, 499 CE): 7 ~ 3.1416, sine tables, Earth’s rotation.

e Brahmagupta (Brahmasphutasiddhanta, 628 CE): first formal rules for zero and negative
numbers; cyclic quadrilateral area formula.

e Bhaskara II: chakravala method for Pell’s equation; early hints of calculus concepts.
e Bakhshali Manuscript: one of the earliest surviving uses of a zero symbol (bindu).

e Transmission route: India — Arab world (Al-Khwarizmi) — Islamic Spain —
Europe (Fibonacci’s Liber Abaci, 1202).

Sohaib Hasan (HOD Mathematics) 12 Horizon College Chakwal


https://www.linkedin.com/in/sohaibhassan05/
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Al-Khwarizmi: father of algebra; Al-Jabr wal-Muqabala (c. 820 CE); words “algebra”
and “algorithm” both trace to him.

Al-Khwarizmi solved quadratics geometrically (completing the square) and classified
them into six standard types.

Thabit ibn Qurra: major translator of Greek texts; discovered a general rule for
amicable numbers; generalized the Pythagorean theorem; anticipated integral calculus
with parabola-area methods.

The term “Hindu-Arabic numerals” credits both the Indian origin and Arabic trans-
mission of our modern number system.

Practice Questions

Q1.

Q2.

Q3.

Q4.

Q5.
Q6.
Qr.

Qs.

Qo.

Q1o0.

Q11.

Q12.

Q13.

Q14.

Q15.

Explain why the Indian invention of zero as a true number (not merely a placeholder) was
a turning point in the history of mathematics.

Describe the mathematical contributions of Aryabhata, with reference to his work the
Aryabhatiya.

State and explain, in your own words, three of Brahmagupta’s rules for arithmetic opera-
tions involving zero.

Why is Brahmagupta’s treatment of division by zero considered historically important
even though it was mathematically incorrect?

What is the chakravala method, and which mathematician is credited with developing it?
Explain the historical significance of the Bakhshali Manuscript.

Trace the transmission route of the Hindu-Arabic numeral system from India to medieval
Europe, naming the key intermediaries and texts.

Why do we call our modern digits “Hindu-Arabic numerals” rather than simply “Arabic
numerals”?

Explain the origin of the words “algebra” and *“algorithm,” linking each to Al-Khwarizmi’s
work.

Using Al-Khwarizmi’s geometric completing-the-square method, solve z2 + 8z = 20, show-
ing each step of the construction.

List Al-Khwarizmi’s six standard types of equations in modern notation, and explain why
this classification was necessary in his time.

Define amicable numbers, and state Thabit ibn Qurra’s general rule for generating amicable
pairs.

Using Thabit’s Rule with n = 2, verify that 220 and 284 form an amicable pair, showing
all working.

Briefly describe Thabit ibn Qurra’s generalization of the Pythagorean theorem and his
contribution toward the later development of integral calculus.

Compare the mathematical achievements of Hindu and Arabic civilizations discussed in
this chapter under the headings: main achievement, key figures, and key texts.
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Chapter 3

History of Geometry and Euclid’s
Elements

Pre-Euclidean Greek Geometry

From Practical to Deductive Geometry

As seen in Chapter 1, Egyptian and Babylonian geometry was almost entirely practical — rules
for computing areas and volumes, used for surveying land and construction, with no attempt
to prove why the rules worked. Greek civilization, beginning around the 6th century BCE,
transformed geometry into a deductive science: a body of statements proved logically from
a small set of accepted starting assumptions. This transformation is arguably the single most
important event in the entire history of mathematics, and it happened almost entirely in the
few centuries before Euclid.

Thales of Miletus

Thales of Miletus (c. 624-546 BCE)

Traditionally regarded as the first Greek mathematician and the founder of deduc-
tive reasoning in geometry. Thales is credited with being the first to prove geometric
statements rather than simply state them. Two results bear his name:

e Thales’ Theorem: An angle inscribed in a semicircle is a right angle.

e The Intercept Theorem: If two lines are cut by a set of parallel lines, the corre-
sponding segments are proportional.

Thales is also said to have calculated the height of the Great Pyramid using the length
of its shadow — an early application of similar triangles.

Pythagoras and the Pythagorean School

14



History of Mathematics Pre-Euclidean Greek Geometry

Pythagoras of Samos (c. 570-495 BCE)

Pythagoras founded a religious-philosophical brotherhood in Croton (southern Italy)
devoted to the belief that “all is number” — that whole numbers and their ratios
governed music, astronomy, and the structure of reality itself. The school (rather than
Pythagoras alone) is credited with proving the Pythagorean Theorem: in a right
triangle with legs a, b and hypotenuse c,

a’ + b =2

The Irrational Crisis: A member of the Pythagorean school (traditionally named Hip-
pasus) discovered that the diagonal of a unit square, /2, cannot be expressed as a ratio
of two whole numbers — it is irrational. This directly contradicted the school’s core be-
lief that all of reality could be described by whole-number ratios, and legend holds that
Hippasus was drowned at sea for revealing the secret. Whether or not the legend is true,
the discovery itself was a genuine mathematical crisis that later Greek mathematicians
(especially Eudoxus) had to resolve.

Plato and the Academy

Plato (c. 428-348 BCE) was not primarily a mathematician, but his Academy in Athens
became the leading center of mathematical research in the Greek world, reportedly inscribed
with the words “Let no one ignorant of geometry enter.” Plato emphasized geometry as
a path to abstract, unchanging truth. The five regular convex polyhedra — tetrahedron,
cube, octahedron, dodecahedron, and icosahedron — are known as the Platonic Solids
because of the central role they play in Plato’s cosmology (and because Book XIII of Euclid’s
Elements, discussed below, culminates in their construction).

Eudoxus of Cnidus

Eudoxus of Cnidus (c. 408-355 BCE)

A student associated with Plato’s Academy, Eudoxus made two contributions that res-
cued Greek geometry from the irrational crisis:

e The Method of Exhaustion: a rigorous technique for finding areas and volumes
of curved shapes by approximating them with sequences of inscribed polygons — the
direct ancestor of integral calculus (see Chapter 4).

e The Theory of Proportion: a rigorous definition of “equal ratio” that worked
even for incommensurable (irrational) magnitudes, without requiring them to be
expressed as numbers at all. This became Book V of Euclid’s Elements.

Timeline: Pre-Euclidean Greek Geometry

w

& P Py Py Py
v v v v v

c. 600 BCE c. 530 BCE c. 410 BCE c. 387 BCE c. 370 BCE
Thales Pythagoras Irrational crisis Plato’s Eudoxus:
deductive proof begins school founded (V2) Academy  exhaustion & proportion

Figure 3.1: Approximate timeline of the major pre-Euclidean developments that Euclid would
later organize into a single deductive system.
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History of Mathematics Fuclid of Alexandria and the Elements

Euclid of Alexandria and the Elements

Life of Euclid

Remarkably little is known about Euclid’s life. He is believed to have taught in Alexan-
dria, Egypt, around 300 BCE, during the reign of Ptolemy I Soter. No contemporary
portrait, birthplace, or even exact dates survive. What we know of him comes mainly from
brief remarks by much later commentators (such as Proclus, writing some 700 years after-
ward). Despite this near-total biographical silence, Euclid’s textbook — the Elements —
became the most influential mathematics book ever written, used continuously as a teaching
text for over 2,000 years.

Structure of the Elements

The Elements is not a single treatise but a compilation and systematic reorganization of virtually
all Greek mathematical knowledge up to Euclid’s time, arranged into 13 books.

Books I-IV | [ Books V-VI | Books VII-IX
Plane geometry: Theory of propor- Number theory:
triangles, parallels, tion (Eudoxus) primes, GCD,
circles, polygons & similarity perfect numbers
Book X Books XI-XIII
Classification of Solid geometry,
incommensurable (ir- culminating in the
rational) magnitudes 5 Platonic solids

Figure 3.2: The thirteen books of Euclid’s Elements, grouped by subject.

The Axiomatic Method

The Axiomatic Method

Euclid’s greatest achievement was organizational, not the discovery of new theorems
(most of the content was already known). He built the entire Elements from just three
kinds of starting statements:

e Definitions — explanations of terms (e.g., “a point is that which has no part”).
e Postulates — geometric assumptions specific to the subject, accepted without proof.

e Common Notions — general logical/arithmetical assumptions accepted without
proof.

Every one of the 465 propositions in the Elements is then proved using only these starting
statements and previously proved propositions. This is the origin of the axiomatic
method that all of modern mathematics still follows.

Euclid’s Five Postulates:
1. A straight line may be drawn from any point to any other point.

2. A finite straight line may be extended continuously in a straight line.

3. A circle may be described with any center and any radius.
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History of Mathematics The Parallel Postulate and Its Legacy

4. All right angles are equal to one another.

5. (The Parallel Postulate) If a straight line falling on two straight lines makes the
interior angles on the same side less than two right angles, the two straight lines, if
extended indefinitely, meet on that side.

Euclid’s Five Common Notions:

1. Things equal to the same thing are also equal to one another.
2. If equals are added to equals, the results are equal.

3. If equals are subtracted from equals, the remainders are equal.

4. Things which coincide with one another are equal to one another.

5. The whole is greater than the part.

The Parallel Postulate and Its Legacy

4

lo
If o + 8 < 180°,
/1 and ¢ meet

on this side.
t

Figure 3.3: Euclid’s Fifth (Parallel) Postulate: when the marked interior angles o + 8 sum to
less than 180°, the two lines must eventually intersect on that side.

Two Thousand Years of Doubt: Unlike the first four postulates, which are short and self-
evident, the fifth postulate is long and complicated — it reads more like a theorem than an
assumption. For roughly 2,000 years, mathematicians tried to prove the parallel postulate
from the other four, believing it should not need to be assumed. Every attempt failed. In
the 19th century, mathematicians including Lobachevsky, Bolyai, and Riemann showed
that entirely consistent non-Euclidean geometries exist in which the parallel postulate
is replaced by a different assumption (either no parallel lines exist, or infinitely many do).
This resolved the 2,000-year question: the parallel postulate is logically independent of
the other four and cannot be proved from them.

Landmark Results in the Elements

Euclid’s Proof of the Pythagorean Theorem

Euclid proved the Pythagorean Theorem as Proposition 47 of Book I, using a purely geomet-
ric argument now nicknamed the “Bride’s Chair” proof. Rather than using algebra (which
did not yet exist in symbolic form), Euclid showed that the square built on the hypotenuse can
be split by an altitude into two rectangles, each having exactly the same area as one of the two
smaller squares.
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History of Mathematics Landmark Results in the Elements

b2 JH

Figure 3.4: Euclid’s “Bride’s Chair” construction (Book I, Prop. 47). The altitude from C,

extended to F, splits the square on the hypotenuse into rectangle AHFE (equal in area to

square b?) and rectangle HBDF (equal in area to square a?), proving a? + b% = c2.

Number Theory in the Elements (Books VII-IX)

The Euclidean Algorithm

Book VII opens with a method for finding the greatest common divisor (GCD) of
two numbers by repeated division — still taught today exactly as Euclid described it,
and one of the oldest algorithms still in everyday use.

J

Using the Euclidean Algorithm

Find gcd(252,105). Repeatedly divide, replacing the larger number with the remainder,
until the remainder is 0:
252 = 2 x 105 + 42

105 =2 x 42+ 21
42=2x2140
The last nonzero remainder is 21, so ged(252,105) = 21.

| r
J

Infinitude of Primes (Euclid Book IX Proposition 20)

There are infinitely many prime numbers.

Proof (by Contradiction)

Suppose, for contradiction, that there are only finitely many primes: pi1,ps,...,py. Con-
sider the number:
N=(p1Xp2Xx - Xpy)+1

Dividing N by any p; leaves a remainder of 1, so none of py, ..., p, divides N. But every
integer greater than 1 has at least one prime factor, so N must have a prime factor not
in our original list — contradicting the assumption that p1, ..., p, were all the primes.
Therefore, no finite list can contain all primes: there are infinitely many. |

Sohaib Hasan (HOD Mathematics) 18 Horizon College Chakwal


https://www.linkedin.com/in/sohaibhassan05/

History of Mathematics Comparative Summary

Theory of Proportions (Book V)

Book V, based on Eudoxus’s work, gave a rigorous definition of when two ratios a : b and
¢ : d are equal — one that works even when the quantities involved are incommensurable
(i.e., irrational, like v/2). This definition sidestepped the irrational crisis discussed earlier:
Greek mathematicians could now reason rigorously about ratios of lengths without needing
those lengths to correspond to whole numbers or fractions. This proportion theory underlies
Book VI’s treatment of similar figures and is considered one of the most sophisticated pieces
of mathematics in the entire Elements.

Comparative Summary

Figure Main Contribution Approx. Era

Thales First deductive proofs; Thales’ c¢. 600 BCE
Theorem

Pythagoras Pythagorean Theorem; discovery c¢. 530-450 BCE

(school) of irrationals

Plato Academy; emphasis on abstract c. 387 BCE

geometric truth

Eudoxus Method of exhaustion; rigorous c. 370 BCE
theory of proportion

Euclid Elements: axiomatic system, 13 c¢. 300 BCE
books, 465 propositions

Exam-Focused Key Points

Must-Remember Facts for Chapter 3:

e Thales (c. 600 BCE): first deductive proofs; Thales’ Theorem (angle in a semicircle is
90°).

e Pythagoras and his school: proved a?+b?> = ¢?; discovery of irrational numbers (1/2)
caused a philosophical crisis.

e Plato’s Academy: emphasized geometry; associated with the five Platonic Solids.

¢ Eudoxus: method of exhaustion (ancestor of calculus) and rigorous theory of pro-
portion that resolved the irrational crisis (became Book V).

e Euclid (c. 300 BCE, Alexandria): author of the Elements, 13 books, built on defini-
tions, postulates, and common notions.

e Five Postulates: the first four are simple constructions/facts; the fifth (parallel pos-
tulate) is complex and was debated for 2,000 years.

e The parallel postulate’s independence was finally confirmed in the 19th century by
Lobachevsky, Bolyai, and Riemann, giving rise to non-Euclidean geometry.

e Book I, Proposition 47: Euclid’s own proof of the Pythagorean Theorem, known as
the “Bride’s Chair” proof.
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e Books VII-IX: Euclidean Algorithm (GCD by repeated division) and the proof that
there are infinitely many primes (Book IX, Prop. 20, proof by contradiction).

e Book X: incommensurable magnitudes; Books XI-XIII: solid geometry, ending with the
five Platonic Solids.

Practice Questions

Q1. Explain how Greek geometry, beginning with Thales, differed fundamentally from Egyptian
and Babylonian geometry.

Q2. State Thales’ Theorem and the Intercept Theorem.

Q3. Describe the philosophical crisis caused by the Pythagorean school’s discovery of irrational
numbers. Why did it contradict their core belief?

Q4. What are the Platonic Solids, and why are they associated with Plato’s Academy?

Q5. Explain Eudoxus’s method of exhaustion and its later importance for the development of
calculus.

Q6. How did Eudoxus’s theory of proportion resolve the crisis caused by incommensurable
magnitudes?

Q7. What is known — and not known — about the life of Euclid? Where and when is he
believed to have worked?

Q8. Describe the overall structure of Fuclid’s Elements, naming the general topic of each group
of books.

Q9. Explain the axiomatic method, distinguishing clearly between definitions, postulates, and
common notions.

Q10. State Euclid’s five postulates in your own words.

Q11. Why is the fifth (parallel) postulate considered different in character from the other four?
What happened when mathematicians tried to prove it from the others?

Q12. Explain the significance of 19th-century non-Euclidean geometry for our understanding of
Fuclid’s parallel postulate.

Q13. Describe, in outline, how Fuclid’s “Bride’s Chair” proof of the Pythagorean Theorem
works.

Q14. Use the Euclidean Algorithm to find ged(210, 154), showing all steps.

Q15. State Euclid’s theorem on the infinitude of primes and reproduce its proof by contradiction.
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Chapter 4

History of Analysis and the Calculus

Precursors to the Calculus

Archimedes and the Method of Exhaustion

Archimedes of Syracuse (c. 287—212 BCE)

Building directly on Eudoxus’s method of exhaustion (Chapter 3), Archimedes used
sequences of inscribed and circumscribed polygons to compute areas and volumes with
a rigor that would not be matched again for nearly 2,000 years. His most celebrated
results include:

e The area of a parabolic segment equals % the area of the inscribed triangle of greatest
area.

e Formulas for the volume and surface area of a sphere, obtained by comparing it to a
circumscribing cylinder.

e A highly accurate approximation of 7, bounding it between 3% and 3%.

Archimedes also described a separate mechanical method, using an intuitive (non-
rigorous) balancing-of-weights argument to discover results, which he then proved rigor-
ously by exhaustion — a working method strikingly similar in spirit to the later informal
reasoning of Newton and Leibniz.

Indivisibles: Cavalieri

Bonaventura Cavalieri (1598-1647), an Italian mathematician, developed the method
of indivisibles: the idea that a plane figure could be treated as composed of infinitely many
parallel line segments (“indivisibles”), and a solid as composed of infinitely many parallel
planar slices. Cavalieri’s Principle states that two solids with equal cross-sectional areas
at every height have equal volumes. Though not logically rigorous by modern standards,
this method allowed 17th-century mathematicians to compute areas and volumes far more
quickly than the classical method of exhaustion, and it directly foreshadowed the concept
of integration.

21



History of Mathematics Isaac Newton and the Method of Fluxions

Analytic Precursors: Fermat and Descartes

Two developments in the early 17th century supplied the essential language calculus would
need:

¢ Rene Descartes (1596-1650) introduced analytic geometry, representing geometric
curves as algebraic equations in a coordinate system — allowing geometric problems to
be attacked with algebraic tools for the first time.

e Pierre de Fermat (1601-1665) developed a method (adequality) for finding the max-
ima, minima, and tangent lines of curves that is, in essence, equivalent to setting a
derivative equal to zero — decades before Newton or Leibniz formalized the derivative
itself.

Timeline: Toward the Calculus

~

& Py Py P Py
v v A4 v v

c. 250 BCE 1635 1637 1665—66 1675-76
Archimedes Cavalieri Descartes Newton’s Leibniz
method of exhaustion indivisibles analytic geometry Annus Mirabilis develops notation

Figure 4.1: Approximate timeline from Archimedes’ method of exhaustion to the independent
invention of calculus by Newton and Leibniz.

Isaac Newton and the Method of Fluxions

Life and the Annus Mirabilis

Isaac Newton (1642-1727)

When Cambridge University closed due to plague in 1665-1666, Newton returned to his
family home at Woolsthorpe and, in roughly eighteen months later called his “year of
wonders” (Annus Mirabilis), laid the foundations of calculus, the theory of universal
gravitation, and his work on optics — though he did not publish any of it for years. He
later became Lucasian Professor of Mathematics at Cambridge and President of the
Royal Society.

Fluxions and Fluents

Newton called a continuously changing quantity (like position over time) a fluent, and its
instantaneous rate of change a fluxion, denoted with a dot over the letter: if z is a fluent,
its fluxion is written . Newton’s approach was fundamentally kinematic — he thought of
curves as traced out by continuously moving points, and derivatives as velocities, reflecting
his deep involvement with physics and motion.

Newton’s Fluxion of 22 (Modern Limit Notation)

Using the modern limit definition (equivalent in spirit to Newton’s own reasoning about
infinitesimal increments):

d, o .. (@+h)?2—2®  2zh+h* B
) = i S = iy = = (@) =

Newton would have expressed this as: if 2 has fluxion &, then 22 has fluxion 2z4.
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The Binomial Theorem and Infinite Series

Newton generalized the binomial theorem to fractional and negative exponents, pro-
ducing infinite series expansions such as:
(n—=1) 5 nn-1)(n—-2) 3

(1+x)":1+n93+n T + 3l x° +

valid for any real number n (not just positive integers), for |z| < 1. This gave Newton
a powerful tool for computing areas, roots, and function values via infinite series — a
technique he used extensively throughout his work.

The Principia Mathematica

Newton’s Philosophiae Naturalis Principia Mathematica (1687) — often simply “the
Principia” — is regarded as one of the most important scientific books ever published. It
presented Newton’s three laws of motion and the law of universal gravitation, deriving
Kepler’s laws of planetary motion as consequences. Notably, Newton wrote the Principia
largely in the language of classical geometry rather than his own fluxional calculus, to
make it more acceptable to contemporaries trained in the Euclidean tradition.

Gottfried Wilhelm Leibniz and Differential Calculus

Life and Approach

Gottfried Wilhelm Leibniz (1646-1716)

A German philosopher, diplomat, and mathematician, Leibniz developed his version of
calculus independently of Newton, publishing his results in 1684 (an early paper on
differential calculus) — before Newton had published any of his own calculus work.
Unlike Newton’s physical, kinematic style, Leibniz approached calculus formally and
algorithmically, seeking a symbolic notation flexible enough to make calculations es-
sentially mechanical.

.

Leibniz’s Notation

Leibniz introduced the notation still used universally today:

e The derivative of y with respect to x: d—y, representing a ratio of infinitesimal differences.
x

e The integral sign [, an elongated “S” standing for summa (Latin: “sum”), reflecting

the integral as an infinite sum of infinitesimal pieces.

This notation proved so much more convenient and generalizable than Newton’s dot notation
that it became — and remains — the standard notation in mathematics worldwide, even
in English-speaking countries.

Leibniz-Style Differentiation

Find dy if y = 23.
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Solution: Using the power rule (systematized within Leibniz’s framework):

dy _

I 322 = dy = 322 dx
x

The Newton—Leibniz Priority Dispute

A Bitter Controversy: Although Newton developed his fluxional calculus first (c. 1665—
1666) but published late, and Leibniz developed his differential calculus independently and
published first (1684), a decades-long, bitter dispute erupted over who deserved credit —
fueled by nationalistic rivalry between British and Continental European mathematicians.
The Royal Society (of which Newton was President) convened a supposedly impartial com-
mittee in 1712 that ruled in Newton’s favor — a ruling now recognized as biased, since
Newton anonymously wrote much of the committee’s report himself. One lasting conse-
quence: British mathematicians, loyal to Newton’s notation, remained largely isolated from
Continental advances (which used Leibniz’s superior notation) for nearly a century, setting
British mathematics behind. Today, historians agree that both men developed calculus
independently and deserve equal credit.

Comparing Newton and Leibniz

Feature Newton Leibniz

Core concept Fluxions (rates of change) Differentials (infinitesimal differ-
ences)

: - dy

Notation T, T —,
dx

Approach Kinematic / physical Formal / algorithmic

First developed c. 1665-1666 c. 1673-1676

First published 1687 (Principia, geometric form) 1684 (differential calculus paper)

Primary field Physics, astronomy Philosophy, logic, symbolic sys-
tems

The Derivative and the Integral: Core Concepts

The Derivative as the Limit of a Secant Line

The Derivative

Geometrically, the derivative of a function at a point is the slope of the tangent line
at that point — obtained as the limiting slope of a secant line through the point and
a second, nearby point, as the second point approaches the first.
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Figure 4.2: As point @ slides along the curve toward P, the secant line PQ (orange) rotates

toward the tangent line at P (blue). The derivative is the limiting slope lim iy
Az—0 Ax

The Integral as the Limit of a Sum

The Integral

Geometrically, the definite integral of a function over an interval represents the area
under its curve, computed (in the spirit of Archimedes and Cavalieri) as the limit of
a sum of thin rectangular strips as their width approaches zero.

Sum of rectangle Areas
= area under cirve

? X

Figure 4.3: Approximating the area under a curve with rectangular strips — the ancestor idea,
shared by Archimedes’ exhaustion, Cavalieri’s indivisibles, and the Newton-Leibniz integral.

The Fundamental Theorem of Calculus: Perhaps the single most important discovery
shared by Newton and Leibniz is that differentiation and integration are inverse
operations — the tangent problem (finding rates of change) and the area problem (finding
accumulated totals), which had been studied separately since antiquity, are in fact two
sides of the same coin. This unifying insight, more than any single formula, is what makes
calculus one coherent subject rather than two unrelated ones.
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Carl Friedrich Gauss: Contributions to Analysis and Beyond
Life

Carl Friedrich Gauss (1777-1855)

Often called the “Prince of Mathematicians,” Gauss showed prodigious talent from
early childhood — famously said to have quickly summed the integers from 1 to 100 as
a young schoolboy by pairing terms (1 4+ 100 = 2 4+ 99 = --- = 101, giving 50 x 101 =
5050). He worked at the University of Gottingen for most of his career and contributed
foundational results across number theory, algebra, analysis, astronomy, geodesy, and
statistics.

Disquisitiones Arithmeticae

Published in 1801, when Gauss was only 24, the Disquisitiones Arithmeticae system-
atized number theory as a coherent field for the first time, introducing modular (“clock”)
arithmetic notation (¢ = b (mod n)) and proving major results on quadratic reciprocity
— still considered one of the most influential mathematics books ever written.

The Fundamental Theorem of Algebra

Fundamental Theorem of Algebra .

Every non-constant polynomial with complex coefficients has at least one root in the
complex numbers.

Gauss gave the first widely accepted proof of this theorem in his 1799 doctoral disserta-
tion (though, by modern standards, it contained a topological gap he only fully closed in a
later proof). He returned to the theorem three more times over his career, eventually giving
a completely rigorous proof in 1849 — a rare case of a mathematician being so unsatisfied
with his own earlier work that he re-proved the same theorem four separate times.

Complex Numbers and the Gaussian Plane

Gauss championed the geometric representation of complex numbers as points in a two-
dimensional plane — now often called the Gaussian plane (also known as the Argand
diagram, after Jean-Robert Argand, who published a similar idea slightly earlier). This
representation gave complex numbers, previously regarded with suspicion as “imaginary,”
a solid geometric footing that made them fully respectable tools of analysis.
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Im

3+ 41

Figure 4.4: The complex number z = 3 + 4i plotted on the Gaussian (Argand) plane, with

modulus |z| = V32 +42 = 5.

Gaussian Quadrature and the Normal Distribution

Two further contributions of Gauss connect directly to the analytic tradition begun by
Newton and Leibniz:

e Gaussian Quadrature: a highly efficient numerical method for approximating definite
integrals, still used today in computational mathematics and engineering.

e The Normal (“Gaussian”) Distribution: the bell-shaped probability curve

1 _ (w—mw)?
€ 202

flz) = —
which Gauss used, alongside his method of least squares, to analyze astronomical
measurement errors — most famously to successfully predict the position of the dwarf
planet Ceres in 1801 after it had been lost from view. (Note: the curve’s basic form had
been partially studied earlier by Abraham de Moivre in the 1730s; Gauss’s name became
attached to it through his influential later applications.)

Comparative Summary

Figure Core Contribution Approx. Era

Archimedes Method of exhaustion; c¢. 250 BCE
area/volume formulas

Cavalieri Method of indivisibles 1635

Fermat & Tangent/extrema  methods; 1637

Descartes analytic geometry

Newton Fluxions;  binomial series; 1665-1687
Principia

Leibniz Differentials; modern dy/dx, 1673-1684
J notation

Gauss Number theory; Fund. Thm. 1799-1849
of Algebra; normal distribu-
tion
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Exam-Focused Key Points

Must-Remember Facts for Chapter 4:

Archimedes: extended the method of exhaustion; area of a parabolic segment = %
inscribed triangle.

Cavalieri: method of indivisibles; Cavalieri’s Principle for volumes.

Fermat & Descartes: pre-calculus tangent/extrema methods and analytic geometry
(coordinates).

Newton: fluzions (&), kinematic approach, developed calculus c. 1665-1666 (Annus
Mirabilis) but published late; Principia Mathematica (1687).

Leibniz: differentials, formal/algorithmic approach, published 1684; gave us the nota-

d
tion d—y and / still used today.
x

The Newton—Leibniz priority dispute: both developed calculus independently; the
biased 1712 Royal Society ruling favored Newton and isolated British mathematics for
decades.

Fundamental Theorem of Calculus: differentiation and integration are inverse op-
erations — the key unifying insight of calculus.

Gauss: Disquisitiones Arithmeticae (1801); proved the Fundamental Theorem of
Algebra (first version 1799, rigorous version 1849).

Gauss popularized the Gaussian (Argand) plane for representing complex numbers
geometrically.

Gauss also contributed Gaussian quadrature (numerical integration) and the normal
distribution, used with the method of least squares to predict the orbit of Ceres.

Practice Questions

Q1.
Q2.

Q3.

Q4.

Q5.

Q6.

Q7.

Explain Archimedes’ method of exhaustion and give one result he obtained using it.

What is Cavalieri’s Principle, and how did the method of indivisibles anticipate integral
calculus?

Explain how Fermat’s method for finding tangents and extrema anticipated the derivative,
decades before Newton and Leibniz.

Why was Descartes’ analytic geometry an essential precondition for the development of
calculus?

Describe what is meant by Newton’s “Annus Mirabilis” and what he achieved during this
period.

Explain Newton’s concepts of “fluent” and “fluxion,” with reference to his kinematic ap-
proach to calculus.

Using the limit definition of the derivative, find the derivative of f(z) = 3, showing all
steps.
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Qs.

Qo.

Q1o0.

Q11.

Q12.

Q13.

Q14.

Q15.

Describe Leibniz’s notation for the derivative and the integral, and explain the origin of
the integral symbol |.

Compare Newton’s and Leibniz’s approaches to calculus under the headings: core concept,
notation, and approach.

Describe the Newton-Leibniz priority dispute. Why is the 1712 Royal Society ruling now
considered unreliable, and what long-term effect did the dispute have on British mathe-
matics?

State the Fundamental Theorem of Calculus in your own words and explain its historical
significance.

Who was Carl Friedrich Gauss, and why is he sometimes called the “Prince of Mathemati-
cians”?

State the Fundamental Theorem of Algebra. How many times did Gauss prove it over his
career, and why?

Explain the significance of the Gaussian (Argand) plane for the historical acceptance of
complex numbers.

Describe Gauss’s use of the normal distribution and the method of least squares in pre-
dicting the orbit of the dwarf planet Ceres.
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Chapter 5

The Bernoulli Family and
Twentieth-Century Mathematics

The Bernoulli Family

A Mathematical Dynasty

Few families in history have produced as much mathematical talent as the Bernoulli fam-
ily of Basel, Switzerland. Over three generations (roughly 1650-1800), at least eight
Bernoullis became notable mathematicians or physicists, often in fierce competition —
sometimes bitter rivalry — with one another. The family’s story is as much a case study in
the sociology of science as it is in mathematics itself.

Nikolaus Bernoulli
(father)

Jacob I Johann I
(1654-1705) (1667-1748)

Nikolaus IT Daniel Johann II
(1695-1726) (1700-1782) (1710-1790)

Figure 5.1: A simplified Bernoulli family tree, showing the three most historically significant
mathematicians: Jacob I, Johann I, and Johann’s son Daniel.

Jacob Bernoulli (1654—-1705)

Jacob Bernoulli

The elder of the two founding Bernoulli brothers, Jacob was largely self-taught in the
new calculus of Newton and Leibniz (favoring Leibniz’s notation) and became one of its
earliest masters. His major contributions include:

e Ars Conjectandi (“The Art of Conjecturing”), published posthumously in 1713,
the first major work on probability theory.

¢ The Bernoulli numbers, a sequence of rational numbers with deep connections to
number theory and analysis.

30
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e Early work in the calculus of variations (finding curves or functions that optimize
some quantity).

e The discovery that the logarithmic spiral reproduces itself under various geometric
transformations — a property he found so beautiful that he requested it be engraved
on his tombstone with the motto “Eadem mutata resurgo” (“Though changed, I shall
arise the same”). By a historical irony, the stonemason carved an Archimedean
spiral instead, which does not have this property.

Bernoulli’s Theorem (Weak Law of Large Numbers)

As the number of independent trials of a random experiment increases, the observed
relative frequency of an event converges (in probability) to its true underlying probability.

This theorem, proved in Ars Conjectandi, was the first rigorous law of large numbers in
the history of probability theory, providing the mathematical justification for the intuitive
idea that “the more you repeat an experiment, the closer your average result gets to the
true probability.”

Bernoulli Numbers

The Bernoulli numbers By, B, Bs, ... are defined by the generating function:

t > n
et —1 :ZBHE
n=0
The first few values are:
1 1 1
By=1 B =— By = — By =0 Bi=——
0 ) 1 25 2 67 3 5 4 30

Jacob Bernoulli used these numbers to find closed-form formulas for sums of powers of
consecutive integers, such as 12 +22 4+ ... 4+ n2 and 13+ 23 4+ ... + n3.

Johann Bernoulli (1667-1748)

Johann Bernoulli

Jacob’s younger brother, Johann, was every bit as talented — and considerably more
combative. He quarreled bitterly with Jacob over priority in several results (the two
brothers frequently published attacks on each other’s work) and later with his own son,
Daniel Bernoulli, reportedly even attempting to claim credit for one of Daniel’s results
and publishing his own version with a falsified earlier date. Despite this, Johann was
an outstanding teacher, most notably of Leonhard Euler — arguably the most prolific
mathematician in history.

L’Hopital’s Rule — Whose Rule Is It? Johann Bernoulli discovered the rule for evalu-
ating limits of indeterminate forms % using derivatives, but under a financial arrangement,
he sold the rights to his mathematical discoveries to the French nobleman Guillaume de
I’Hopital, who published it under his own name in the first calculus textbook (1696). The
rule has been known as “L’Hopital’s Rule” ever since, even though historians agree Johann

Bernoulli was its true discoverer.
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L’Hopital’s Rule

If lim f(z) = lim g(z) = 0 (or both +00), and lim (@)

z—a z—a z—a g’ g;)

(
lim M = lim (=)
z—a g(m) z—a g’(a:)

Applying L’Hopital’s Rule .

sinx

exists, then:

Evaluate lim
x—0 X

Solution: Direct substitution gives %, an indeterminate form. Differentiating nu-
merator and denominator separately:

sinx . cosT

lim
z—0 X x—0

\. J

The Brachistochrone Problem

The Brachistochrone Problem (1696)

Johann Bernoulli publicly posed a challenge to the mathematicians of Europe: given two
points A and B at different heights (not directly above one another), find the shape of
the curve along which a bead, sliding under gravity alone, travels from A to B in the
least possible time — the brachistochrone (Greek: “shortest time”).

height decreasing

<
A)

Figure 5.2: Schematic comparison of two paths from A to B: the straight line (shortest distance,
but not fastest) and the cycloid (the brachistochrone — fastest time, since it drops steeply at
first, gaining speed early).

Why This Problem Mattered: The brachistochrone was solved (correctly, with the
answer being a segment of a cycloid, not a straight line) independently by Johann
Bernoulli, Jacob Bernoulli, Newton, Leibniz, and ’'Hopital. Newton reportedly
solved it overnight after receiving the challenge and submitted his solution anonymously
— though Bernoulli is said to have remarked he recognized the solution’s author immedi-
ately, quipping that he could tell “the lion by his claw.” The problem, and especially Jacob
Bernoulli’s more general solution method, directly launched the calculus of variations as
a distinct mathematical field, later developed further by Euler and Lagrange.
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Daniel Bernoulli (1700-1782)

Johann’s son Daniel Bernoulli made his name primarily in mathematical physics rather
than pure mathematics. His book Hydrodynamica (1738) established Bernoulli’s Prin-
ciple: within a flowing fluid, an increase in the fluid’s speed occurs simultaneously with
a decrease in pressure. This principle underlies the modern explanation of how airplane
wings generate lift, and remains one of the most famous results in all of fluid dynamics.
Daniel also made early contributions to the kinetic theory of gases and to probability and
statistics.

The Discovery of ¢

Compound Interest and the Number e .

Jacob Bernoulli encountered the number e while studying compound interest. If a sum
of money earns 100% annual interest compounded n times per year, its growth factor
after one year is (1 + %)n Bernoulli asked what happens as compounding becomes
continuous, i.e., as n — 00:

n—oo

1 n
lim <1 + ) =e~ 2.7T1828...
n

Although Bernoulli did not name or fully develop the constant (that came later, notably
through Euler), he was the first to identify this limit explicitly, in 1683.

\. J

The Twentieth Century Mathematics

Hilbert’s Problems

David Hilbert and His 23 Problems (1900)

At the International Congress of Mathematicians in Paris in 1900, the German
mathematician David Hilbert (1862-1943) presented a list of 23 unsolved prob-
lems that he believed would shape the course of 20th-century mathematics. The list
proved remarkably prophetic — it did exactly that, guiding decades of research. Notable
examples include:

e Problem 1: The Continuum Hypothesis (about the sizes of infinite sets) — later
shown by Godel and Cohen to be independent of standard set theory axioms (neither
provable nor disprovable).

¢ Problem 8: The Riemann Hypothesis, concerning the distribution of prime numbers
— still unsolved today, and one of the seven Clay Millennium Prize Problems.

e Problem 2: Whether the axioms of arithmetic are consistent — directly connected
to Godel’s later Incompleteness Theorems (see below).

Cantor’s Set Theory and the Sizes of Infinity

Georg Cantor (1845-1918) revolutionized mathematics’ understanding of infinity, showing
— via his famous diagonal argument — that the set of real numbers is strictly larger
than the set of natural numbers, even though both are infinite. This meant that not all
infinities are the same size: there is a hierarchy of different “sizes” of infinity, described
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using cardinal numbers. Cantor’s ideas were bitterly resisted by some contemporaries
but became the foundation of modern set theory, upon which essentially all of modern
mathematics is now built.

Godel’s Incompleteness Theorems

Godel’s First Incompleteness Theorem (1931)

Any consistent formal axiomatic system powerful enough to express basic arithmetic
contains true statements that cannot be proved within that system.

Kurt Godel (1906-1978) delivered, with his incompleteness theorems, a devastating blow
to Hilbert’s Program — the ambitious goal of finding a single, complete, and provably
consistent set of axioms for all of mathematics (directly related to Hilbert’s Problem 2
above). Godel proved that such a goal is, in a precise sense, impossible: any sufficiently
powerful consistent system is necessarily incomplete. This result reshaped mathematicians’
understanding of the fundamental limits of formal logical systems.

The Birth of Computer Science

In 1936, the British mathematician Alan Turing (1912-1954) introduced the theoretical
concept now called the Turing Machine — an abstract model of computation capable,
in principle, of performing any calculation that any modern computer can perform. Turing
used this model to prove the undecidability of the Halting Problem (there is no general
algorithm that can determine, for every possible program and input, whether that program
will eventually stop running). Turing later played a central role in breaking the German
Enigma cipher during World War II, and is widely regarded as the father of theoretical
computer science and artificial intelligence.

Modern Abstract Algebra

Emmy Noether (1882-1935) transformed algebra from the study of specific equations into
the modern, highly abstract study of algebraic structures — groups, rings, and fields
— defined purely by the properties their operations satisfy. Beyond pure mathematics,
her Noether’s Theorem in theoretical physics established a profound connection between
symmetries in nature and conservation laws (e.g., the symmetry of time leads to conservation
of energy), fundamentally shaping modern physics.

Chaos Theory

While modeling weather patterns in 1963, the meteorologist and mathematician Edward
Lorenz (1917-2008) discovered that tiny differences in initial conditions could produce
vastly different long-term outcomes in certain deterministic systems — a phenomenon pop-
ularly known as the “butterfly effect”. This discovery launched chaos theory as a
distinct mathematical field, with major applications in physics, biology, economics, and
engineering.
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Comparative Summary

The Fields Medal

Since there is no Nobel Prize in mathematics, the Fields Medal, established in 1936 and
awarded every four years to mathematicians under the age of 40, has become known as the
“Nobel Prize of Mathematics” — the field’s highest and most prestigious honor.

Timeline: Twentieth-Century Milestones

& o & o & & \

hd hd v hd v v 4

1900 1920s 1931 1936 1963 Present
Hilbert’s Noether’s Godel’s Turing Machine & Lorenz & Ongoing
23 Problems abstract algebra Incompleteness Fields Medal Chaos Theory research

Figure 5.3: Approximate timeline of major twentieth-century mathematical milestones.

Comparative Summary

Figure / Era Core Contribution Approx. Era

Jacob Bernoulli Ars Conjectandi; Bernoulli num- 1654-1705
bers; law of large numbers

Johann Bernoulli  Brachistochrone; L’Hopital’'s 1667-1748
Rule (discovered, not credited);
Euler’s teacher

Daniel Bernoulli ~ Bernoulli’s Principle (fluid dy- 1700-1782
namics)

Hilbert 23 problems shaping 20th- 1900
century research

Cantor Set theory; different sizes of infin- late 1800s—early 1900s
ity

Godel Incompleteness theorems 1931

Turing Turing Machine; computability 1936
theory

Noether Abstract algebra; Noether’s The-  1920s-1930s
orem (physics)

Lorenz Chaos theory; “butterfly effect” 1963

Exam-Focused Key Points

Must-Remember Facts for Chapter 5:

e The Bernoulli family of Basel produced at least 8 notable mathematicians across 3

generations.

e Jacob Bernoulli: Ars Conjectandi (1713, posthumous); Bernoulli numbers; Law of
Large Numbers; logarithmic spiral tombstone story.

e Johann Bernoulli: posed the Brachistochrone Problem (1696); true discoverer of

L’Hopital’s Rule; taught Euler.
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Practice Questions

The brachistochrone’s solution is a cycloid, not a straight line; the problem launched
the calculus of variations.

Daniel Bernoulli: Bernoulli’s Principle in fluid dynamics (explains lift on airplane
wings).

Jacob Bernoulli was the first to identify the number e (1683), via the compound interest
limit (14 2)".
Hilbert (1900): 23 problems that shaped 20th-century mathematics, including the Con-

tinuum Hypothesis and Riemann Hypothesis.

Cantor: proved different sizes of infinity exist via the diagonal argument; founded set
theory.

Godel (1931): Incompleteness Theorems — showed Hilbert’s dream of a complete,
consistent axiomatic system for all mathematics is impossible.

Turing (1936): the Turing Machine; proved the Halting Problem is undecidable; father
of computer science.

Noether: founded modern abstract algebra (groups, rings, fields); Noether’s Theorem
links symmetry and conservation laws in physics.

Lorenz (1963): discovered sensitive dependence on initial conditions, founding chaos
theory (“butterfly effect”).

The Fields Medal (est. 1936) is mathematics’ highest honor, since no Nobel Prize exists
for mathematics.

Practice Questions

Q1.

Q2.
Q3.
Q4.
Q5.
Q6.

Q7.
Qs.

Q9.
Q10.

Q11.

Describe the Bernoulli family of Basel and explain why their story is notable both math-
ematically and personally.

What is Ars Conjectandi, and what is its significance in the history of probability theory?
State Bernoulli’s Theorem (the Weak Law of Large Numbers) in your own words.
What are Bernoulli numbers, and what were they originally used for?

Explain the controversy surrounding the true discoverer of L’Hopital’s Rule.

1—cosz
Use L’Hopital’s Rule to evaluate lir% ——, showing your working.
xT—r X

State the Brachistochrone Problem and name the curve that solves it.

Why is the Brachistochrone Problem considered historically significant for the development
of mathematics as a field?

State Bernoulli’s Principle and give one real-world application.

Explain how Jacob Bernoulli’s study of compound interest led to the discovery of the
number e.

What were Hilbert’s 23 Problems, and why are they historically significant? Name one
problem and its current status.
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Q12. Explain Cantor’s contribution to the understanding of infinity, referring to his diagonal
argument.

Q13. State Godel’s First Incompleteness Theorem and explain its impact on Hilbert’s Program.

Q14. What is a Turing Machine, and why is Alan Turing considered the father of computer
science?

Q15. Describe Emmy Noether’s contribution to abstract algebra and the significance of Noether’s
Theorem in physics.
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