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Chapter 1

Matrics & Determinants

Matrices

A matrix is a rectangular array of numbers arranged in rows and columns, enclosed in
square brackets. A matrix having m rows and n columns is called an m x n matrix.
The number in row 7 and column j is called the (i, j)-entry and is denoted a;;.

aiil a2 st QAln

asy @ - Qo
A=

Gm1l Am2 *° Omnp

We write A = [a;;] for short and say that A has order m x n. Two matrices are equal
if and only if they have the same order and every corresponding entry is equal.

Example 1.1 — Identifying Size and Entries

5 -3 0
LetA—[2 17

] . Find the size of A and identify a2, as; and ass.

J

A has 2 rows and 3 columns, so it is a 2 x 3 matrix. Reading entries by their row-column
address:

a2 = —3, a1 = 2, ag3 = 17.

Example 1.2 — Reading Entries of a Matrix

4 0 -1
Let B=| 7 3 2 |. State the size of B and find b3; and b13.
-5 8 1

B has 3 rows and 3 columns, so it is a 3 x 3 matrix.

bg1 = =5, biz = —1.

Example 1.3 — Equality of Matrices

Findmandyif[$+y 2 ]:[5 2].

3 T—y 3 1




Linear Algebra Matrices

Equal matrices must have every corresponding entry equal, so:
T+yYy=2>5 and x—y=1.
Adding: 2z =6 = x =3. Substituting: 3+y=5 = y=2.

Special Types of Matrices

e Row Matrix: A matrix having exactly one row.

e Column Matrix: A matrix having exactly one column.

e Square Matrix: A matrix in which the number of rows equals the number of
columns, i.e. m = n.

e Zero Matrix (0): A matrix in which every entry is zero.

e Identity Matrix (I,,): The n x n square matrix with 1s on the main diagonal and
0Os elsewhere:

01

Example 1.4 — Identifying Types of Matrices

Identify the type of each matrix.

10 0
]2:[1 0], L=1010
00 1

2 5 0 0
A=[1 2 3], B=|-1{, C_[3 _J, D_[O o]'
0

e Aisalx3row matrix.
e Bis a3 x 1 column matrix.
e (is a2 x 2 square matrix.
e Dis a2 x 2 zero matrix.

Example 1.5 -Past Paper 2024 Q1(i) 2025 Q1(ix)

If B and C are both inverses of a matrix A, prove that B = C. ]

Since B is an inverse of A: BA = 1.
Since C is an inverse of A: AC = I.
Multiply both sides of BA = I on the right by C:

(BA)C =IC = B(AC)=C = BI=C = B=C.

Hence any matrix has at most one inverse.

Example 1.6 — Identity Matrix Check

k+1 0
— 1,7
For what value of k£ does [ 0 o — 3] Y

We need both diagonal entries to equal 1:
k+1=1= k=0, 2k—-3=1= k=2.

The two conditions give different values of k, so no single value of k makes this matrix equal
to IQ.
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Linear Algebra Algebra of Matrices

Algebra of Matrices

Matrix Addition

Let A = [a;;] and B = [b;;] be two m x n matrices. Their sum A + B is the m x n
matrix obtained by adding corresponding entries:

(A+ B)ij =a;; + bij.

Matrix addition is defined only when A and B have the same order. The difference is
defined as A — B = [ai; — byj].

Example 1.7 — Matrix Addition and Subtraction

—
|
J

2
3 0

4 1

LetAz[ 15

]ande[ ].FindA—i—BandA—B.

,
\.

]

3-1 045 2 5
1-4 —2-1 -3 -3
A_B_[3+1 0—5]_[4 —5]'

Scalar Multiplication

Let A = [a;;] be an m x n matrix and let k be a real number (called a scalar). The
scalar multiple kA is the m x n matrix obtained by multiplying every entry of A by k:

(kA)U =k- (Iij.

The negative of A is defined as —A = (—1)A.

J

Example 1.8 — Scalar Multiplication

LetA;:[g jf].Fn@;n4amj—2A.
6 —3 4 2
34 [012] 2A—[0 —4

= {_41 é] Compute 24 — 3B.

2 -4 12 3
T A R e

QA_gB:[z—m —4—ﬂ::f40 —7}

6+3 0-15 9 15
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Example 1.10 — Finding an Unknown Matrix

Find the matrix X such that 2X + A = B, where A = [g 4 ] and B = [_72 2} .

Isolate X:

ax—p-a= |78 ot = 14 )

—2-0 64
174 6 2 3
X‘i[—2 2]_[—1 1}

Properties of Matrix Addition and Scalar Multiplication

Let A, B, C be m x n matrices and k, £ be scalars. Then:

1. A+ B=B+A (Commutativity of Addition)
2. (A+B)+C=A+(B+C) (Associativity of Addition)
3. A+0=A (Additive Identity)
4. A+ (-A4)=0 (Additive Inverse)
5. k(A+ B) =kA+ kB (Distributivity I)
6. (k+0)A=kA+ (A (Distributivity 1)
7. k(lA) = (k0)A (Associativity of Scalar Mult.)
8. 1-A=A4A (Scalar Identity)

Sigma (Summation) Notation

For a sequence of numbers aq, as, ..., a,, the summation notation is defined as:

n
Zak:a1+a2+"'+an;
k=1

where k is the index of summation, 1 is the lower limit and n is the upper limit.
This notation is used in the definition of matrix multiplication to express the (i, j)-entry
of a product compactly.

Example 1.11 — Evaluating a Summation
4

Compute Z(?k —1).
k=1

4
D EE-1)=021)-1)+22) -1+ 2B)-1)+(24) -1)=1+3+5+7=16.
k=1
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Linear Algebra Algebra of Matrices

Example 1.12 — Sum of Squares

3
Compute Z k2.
k=1

=124+22+32=1+44+9=14.

el
Il w
=

Example 1.13 — Writing an Expression in Sigma Notation

Write the expression aj1b11 + a12b21 + a13b31 in sigma notation. ]

3
> a by
k=1

This is exactly the (1, 1)-entry of the matrix product AB, as defined in the next section.

Matrix Multiplication

Let A be an m X p matrix and B be a p x n matrix. The product AB is the m x n
matrix C' = [¢;;] whose (i, j)-entry is:

p
Cij = Zaik brj = a;1b1j + ageboj + - - + apbp;.
k=1

Compatibility Rule: The product AB is defined if and only if the number of columns
of A equals the number of rows of B. If Aism x p and B is p X n, then AB is m x n:

A B = AB.
N ~~
mxp pxn mxn

Example 1.14 — Product of Two 2 x 2 Matrices

1 2 5 6
Let A = [3 4] and B = [7 8]' Compute AB.

Both are 2 x 2, s0 AB is 2 x 2.

ci1 = (1)(5) + (2)(7) =5+ 14 = 19,

cr2 = (1)(6) + (2)(8) = 6 + 16 = 22,

ca1 = (3)(5) + (4)(7) = 15 + 28 = 43,
(3)(6) +(4)(8) =1

Example 1.15 — Product of Matrices of Different Sizes

1 2 3 -
Let A= and B= |9 10|. Compute AB.
D 11 12
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Ais2x3and Bis3x2,s0 ABis 2 x 2.

cir = (1)(7) + (2)(9) + (3)(11) = 7+ 18 + 33 = 58,
c12 = (1)(8) + (2)(10) + (3)(12) = 8 + 20 + 36 = 64,
co1 = (4)(7) + (5)(9) + (6)(11) = 28 + 45 + 66 = 139,
co2 = (4)(8) + (5)(10) + (6)(12) = 32 + 50 + 72 = 154.
58 64
AB = 1139 154} '

Properties of Matrix Multiplication

Let A, B, C be matrices of sizes for which the operations are defined and k be a scalar.
Then:

1. (AB)C = A(BC) (Associativity)
2. ABB+C)=AB+ AC (Left Distributivity)
3. (A+ B)C = AC + BC (Right Distributivity)
4. k(AB) = (kA)B = A(kB) (Scalar Associativity)
5. AI=TA=A (Identity)

The following properties do NOT hold in general:

e AB # BA (commutative law fails)
e AB=0#A#A=00rB=0 (zero-product law fails)
e AB=AC# B=C (cancellation law fails)

Example 1.16 -Past Paper 2021 Q1(ii)

Which property does not hold in matrix multiplication? Write one example to justify.

The commutative property fails. In general AB # BA.

11 0 0
oa= [ a0 0]

S R R S

= -0

Since AB # BA, the commutative property does not hold.

Example 1.17 — Zero Product Without Zero Factors

Give an example of two nonzero matrices A and B such that AB = 0. ]
10 00
a= [} Taman [0 ]

o= 3 - -

Sohaib Hasan (HOD Mathematics) 10 Horizon College Chakwal
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Neither A nor B is the zero matrix, yet AB = 0. This shows the zero-product law fails for
matrices.

Example 1.18 — Cancellation Law Fails

Find matrices A, B, C with A # 0 such that AB = AC but B # C. ]

i b J b Feb

2 4 01 10
1 2112 1 2 3
e | O R P

Ao [ 2o 3] _[o+2 3+0] _[2 3
T2 41 0 [0+4 6+0] |4 6]

So AB = AC yet B # C, confirming the cancellation law fails for matrices.

Summary — Three Laws That Fail for Matrices:

1. AB # BA in general (commutative law fails)
2. AB =0 does not imply A=0or B=0 (zero-product law fails)
3. AB = AC does not imply B=C (cancellation law fails)

Transpose of a Matrix

The transpose of an m x n matrix A = [a;;] is the n x m matrix AT = [aj;] obtained
by writing the rows of A as the columns of A”. That is, the (4, j)-entry of AT equals the
(j,7)-entry of A:

(AT)5; = aji.

Example 1.19 — Computing the Transpose

. 12 3
Find the transpose of A = [4 5 6] .

Solution: A is 2 x 3, so AT is 3 x 2. Rows of A become columns of A”:

1 4
AT =2 5
3 6

Example 1.20 — Transpose of a Square Matrix

5 =3 0
Find AT forA=|2 1 7].
-1 4 6

Solution: Write each row of A as a column:

5 2 —1
AT=1-3 1 4
0 7 6
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Linear Algebra Algebra of Matrices

Example 1.21 — Past Paper 2025 Q1(ii) — Transpose and Inverse

If A is a symmetric matrix, show that (A=H)T = (AT)~1,

Solution: Since A is symmetric, AT = A. We need to show that A~! is also symmetric,
ie. (A HT = A1
Start from AA~! = I. Taking the transpose of both sides:

(AAH)T =17 = (A H)TAT =T,

Since A is symmetric AT = A, so:
(A HrA=1.

This means (A71)7 is the inverse of 4, i.e. (A7) = A7 = (AT)~L. O

Properties of the Transpose

Let A and B be matrices and k a scalar. Then:
1. (AT =4

2. (A+B)T =AT + BT

3. (kA)T = kAT

4. (AB)T = BT AT (note the reversed order)

Main Diagonal and Trace

In a square matrix A of order n, the entries ai1, ass, ..., ay, form the main diagonal.
The trace of A, written tr(A), is the sum of all main diagonal entries:

n
tr(A) = a1 +age+ -+ app = Zaii-
i=1

Symmetric and Skew-Symmetric Matrices

A square matrix A is called:
e Symmetric if AT = A, i.e. a;; = aj; for all 7, j.

e Skew-Symmetric (or anti-symmetric) if AT = —A4, i.e. a;; = —aj; for all 4, j. Note
that every diagonal entry of a skew-symmetric matrix must be zero.

7

Example 1.22 — Symmetric and Skew-Symmetric Matrices

Determine whether each matrix is symmetric, skew-symmetric or neither.

1 2 3 0o 2 -3 1 9
A=1|2 4 5/, B=|-2 0o 1], C:[34].
3 5 6 3 -1 0
Solution:
For A: AT = A, so A is symmetric.
0 -2 3
For B: BT = |2 0 —1| =—B, so B is skew-symmetric.
-3 1 0

Sohaib Hasan (HOD Mathematics) 12 Horizon College Chakwal
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1 3

. T _
For C: C —[2 4

] # C and # —C, so C is neither.

Example 1.23 — Finding the Trace

Find the traceof A= |0 5 4

Solution: The main diagonal entries are 3, 5 and 2:

tr(A) =3+5+2 = 10.

Powers of Matrices and Polynomials in Matrices

Powers of a Square Matrix

Let A be a square matrix of order n and let p be a positive integer. The p-th power of
A is defined as:

AP — A-A---A.
—_—

p times

We also define A° = I,,. If A is invertible, then for any positive integer p:

AP=(A1p=41.471... 41,

p times

Example 1.24 — Computing Powers of a Matrix

Let A = [(1) ﬂ Compute A? and A3.
o . 111 1] 140 141] 1 2
A_AA_[O 1} [0 1]_[ 0 0+1}_[0 1]'
s a0 4 [t 2]t 1] 13
A_AA_{Olol_Ol'

Polynomial in a Matrix

If f(z) = ap + a1z + azx?® + -+ + @, @™ is a polynomial and A is a square matrix, the
matrix polynomial f(A) is defined by substituting A for z:

Solution:

f(A):aOI+a1A+a2A2+...+amAm.

Note that ag becomes agl since we cannot add a scalar to a matrix.

Example 1.25 — Past Paper 2024 Q1(ix)and 2025 Q1(vii)

Show that the matrix A = [;) _24] is a zero of g(z) = 22 + 3z — 10.

Solution: We need to show g(A) = A2 +3A4 — 101 = 0.

Sohaib Hasan (HOD Mathematics) 13 Horizon College Chakwal
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First compute A?:

2|t 2]p 2 _[1+6 2-8] [7 -6
T3 -4 3 —4] |3-12 6+16] |-9 22|’

Now compute 3A:

Ne}

—12|"

Finally:

g [T 6] 3 6] [0 0] [7+3-10 -6+6-0] [0 0]
g(4) = 47434 10]‘{—9 22}’[9 —12] [0 10]_[—9+9—0 22—12—10]_[0 0}_0‘

Hence A is a zero of g(z). O

e[t ) _[t-a -1-0
“la blla b| |latab —a+b*|"

Set equal to Iy and equate entries:

l—a=1= a=0,
—1-b=0 = b=—1,
a+ab=0=04+0=0 V
—a+b?=1=04+1=1 Vv

Therefore ‘ a=0, b=-1 ‘

Invertible (Nonsingular) Matrices

Invertible Matrix

A square matrix A of order n is called invertible (or nonsingular) if there exists a
square matrix B of the same order such that:

AB = BA = I,.

The matrix B is called the inverse of A and is denoted A~!. A matrix that is not
invertible is called singular.

Formula for the inverse of a 2 x 2 matrix: If A = [CCL Z] and det(A) = ad—bc #

0, then:
1 d -b
Al = .
ad — be [—c a }

If det(A) = 0, then A has no inverse.

Sohaib Hasan (HOD Mathematics) 14 Horizon College Chakwal
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Example 1.27 — Finding the Inverse of a 2 x 2 Matrix

Find the inverse of A = [3 1] .

Solution: det(A) = (3)(2) — (1)(5) =6 —5=1#0, so A is invertible.

1[2 -1 2 -1
-1 _ + _
A "1[—5 3] {—5 3]‘

. . _ 3 1|12 -1 6—-5 —-3+3 10
. 1
Verification: AA=" = [ ] [ ] = [10 10 5 6} = [ ] =1V

01

Solution: Form the augmented matrix [A | I] and row reduce until the left side becomes
I. The right side will then be A~

1 1171 0 0
012|010
1 2 4/0 0 1
R3 < R3 — Rq:
1 11,1 00
01 2 1
01 3|-1 01
R3 — R3 — Ro:
1 1 1)1 0 0
01 2|0 1 0
0 0 1]-1 -1 1
R2 — R2 — 2R3: -~ _
11 1] 1 0 0
01 0| 2 3 =2
00 1|-1 -1 1 |
Ry + Ry — R3: B -
1 1 0] 2 1 -1
0102 3 =2
00 1|-1 -1 1 |
R1 — R1 — Rg: -~ _
1000 =2 1
01 0] 2 3 -2
00 1|-1 -1 1 |
Therefore:
0o -2 1
Al=12 3 -2
-1 -1 1

Sohaib Hasan (HOD Mathematics) 15 Horizon College Chakwal
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Example 1.29 — Past Paper 2024 Q1(vi) and 2025 Q1(v)

If A is an invertible matrix and n is a nonnegative integer, show that (A7)~ = (A~1H)". ]

Solution: We show that (A~1)" is the inverse of A" by verifying A" - (A~1)" = I.

AT (AT =4 A4 AT AT A
n

—_ Anfl (A . Afl)(Afl)nfl
——

I
— An—l(A—l)n—l
— ... AAl =T,
Since A" - (A~1)" = I, we conclude (A")~! = (A~H)". 0

Special Types of Square Matrices

Diagonal Matrix

A square matrix A is called a diagonal matrix if all entries off the main diagonal are
zero, i.e. a;; = 0 whenever i # j.

0 do --- 0
D=1|. . . = diag(dy, da, . .., dn).
0 0 --- d,

The inverse of a diagonal matrix (when all d; # 0) is:

-1 _ 7 1 1 1
D —dl&g(a,d—Q,...,E>.

Example 1.30 — Past Paper 2021 Q1(xv) — Inverse of a Diagonal Matrix

-2 0 0
Write the inverse of the diagonal matrix D = | 0 0.25 0| without any solution
0 0 1

process.

Solution: Take the reciprocal of each diagonal entry:

1
2

D'=1]0
0

O = O
_ o o

Triangular Matrices

A square matrix A is called:
e Upper Triangular if all entries below the main diagonal are zero (a;; = 0 for i > j).

e Lower Triangular if all entries above the main diagonal are zero (a;; = 0 for i < j).

Sohaib Hasan (HOD Mathematics) 16 Horizon College Chakwal
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Example 1.31 — Identifying Triangular Matrices

Identify each matrix as upper triangular, lower triangular or neither.

1 2 3 2 0 0 L s
U:045,L:130,A:[34].
00 6 4 5 7

Solution: U has zeros below the diagonal: upper triangular.
L has zeros above the diagonal: lower triangular.
A has no zeros below or above the diagonal: neither.

Orthogonal Matrix

A square matrix P is called orthogonal if
pPT'p=ppT =1,

which is equivalent to saying PT = P~!. The rows (and columns) of an orthogonal
matrix form an orthonormal set.

Example 1.32 — Past Paper 2024 Q1(vii) and 2025 Q1(vi)

Show that a matrix P is orthogonal if and only if PT is orthogonal.

Solution: (=) Suppose P is orthogonal, so PTP = I.
We need to show PT is orthogonal, i.e. (PT)TPT = I.
Since (PT)T = P, we have:

PPt =pPT =1.

The last equality holds because P orthogonal means PPT = I. So PT is orthogonal.
(<) Suppose PT is orthogonal. Then by the same argument applied to P, we get (PT)T =
P is orthogonal. (]

Complex Matrices

Conjugate and Hermitian Transpose

Let A = [aj;] be a matrix with complex number entries.

e The conjugate of A, written A, is the matrix obtained by replacing each entry s
with its complex conjugate a;;.

e The Hermitian transpose (or conjugate transpose) of A, written A* or A7 is
defined as: L
A* = AT = AT.

That is, take the transpose and conjugate every entry.
e Ais called Hermitian if A* = A, i.e. a;; = aj;.

e Ais called Unitary if A*A = AA* =1,ie. A*= A1

Sohaib Hasan (HOD Mathematics) 17 Horizon College Chakwal
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Example 1.33 - Past Paper 2021 Q1(iii) - Hermitian Transpose

2+1 3
1—2i 4i|”

Find the Hermitian transpose of A = [

Solution: First take the transpose of A:

v [24+i 1-2i
A _[ 3 4|

Then conjugate every entry (replace ¢ with —i):

L [2—i 142
4 _[ 3 —41']'

Example 1.34 — Past Paper 2021 Q1(iii) and 2023 Q1(iii)

32—

Define a Hermitian matrix. Show that H = .
2+ 5

] is Hermitian.

Solution: A matrix H is Hermitian if H* = H

. 24 .
Compute H*. First transpose: H! = 9 iz ;LZ} Then conjugate every entry: H* =
3 2—i
. =H.
[2 +1 5
Since H* = H, the matrix is Hermitian. O

Example 1.35 — Past Paper 2021 Q1(xvi) — Unitary Matrix

171 4
. . _ . 0
Define a unitary matrix. Is U _\/§ [z 1] unitary?

Solution: A square matrix U is unitary if U*U = [.
Compute U*:

Now compute U*U:

wrr L1 =i (1 4 1141 -4 1{2 0 (1 0] _
UU_§[—2’ 1][1 1]_5[—z‘+i 1+1]_2{0 2]_[0 1]_1'
Since U*U = I, the matrix U is unitary. O

Block (Partitioned) Matrix

A matrix can be divided into smaller submatrices called blocks by drawing horizontal
and vertical dividing lines through it. The resulting matrix written in terms of its blocks
is called a block matrix or partitioned matrix. Block matrices can be added and
multiplied using the same rules as ordinary matrices, treating each block as if it were a
single entry, provided the block sizes are compatible.

Sohaib Hasan (HOD Mathematics) 18 Horizon College Chakwal
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Example 1.36 — Writing a Matrix in Block Form

Partition the matrix A into four blocks as indicated.

An A12:| ‘

1 2|3
A=|4 5|6 | =
7819 [Am Ao

Identify each block.

Solution: Reading off from the partition lines:

1 2
14112[4 5], A12=[2], A21:[7 8]’ A22:[9]'

Determinants

Determinant

The determinant is a scalar value associated with every square matrix A of order n,
denoted det(A) or |A].

For a 1 x 1 matrix A =[a]: det(A) = a.

For a 2 x 2 matrix:
a b

det [c d

] = ad — be.

For an n x n matrix (n > 3), expand along any row or column using cofactors.
Expanding along row i:

n
det(A) = Z Qjj Cl'j,
7j=1

where Cj; = (—1)itJ M;; is the cofactor and M;; is the minor — the determinant of
the submatrix obtained by deleting row ¢ and column j from A.

Minor and Cofactor

Let A be an n X n matrix.

e The minor M;; is the determinant of the (n — 1) x (n — 1) submatrix formed by
deleting row ¢ and column j from A.

e The cofactor is Cj; = (—1)"7 M;;.
e The sign (—1)** follows the checkerboard pattern:

+ -+ -
-+ -+
+ - + -
-+ -+

Example 1.37 — Determinant of a 2 x 2 Matrix

Find the determinant of A = [5 _3] .

2 4

Solution:
det(A) = (5)(4) — (=3)(2) =20+ 6 = 26.
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Example 1.38 — Determinant of a 3 x 3 Matrix

Find the determinant of A= [0 4 —2].

0 —2 0 4
ol
=2(204+6)+1(0+2)+3(0—4) =2(26) + 1(2) + 3(—4) =52 +2 — 12 = 42.

Example 1.39 — Expanding Along a Column

1 0 2
Find det(A) for A= [3 1 —1| by expanding along column 2.
0 2 4

Solution: Column 2 entries: a1 = 0, age = 1, ags = 2.
det(A) =0- 012 + 1- 022 + 2. 032.
1 2

Cay = (H)‘o 4‘ —4-0=4.
Cis = (1) ':1)) _21’ — (1) (-1-6)=T.

det(A) =04 1(4) +2(7) =4+ 14 = 18,

2 -1 3
Without expanding, explain why det |4 0 —2| =0.
4 -2 6

Solution: Observe that row 3 = 2x row 1. When two rows are proportional (one is a
multiple of the other), the determinant is zero. Hence det(A) = 0.

Compute the determinant of

N O N =
W o N O

Solution: Expand along row 1. Since aj2 = 0 and a3 = 0, only the first and fourth terms
contribute:

det(A) =1- 011 +3- 014.

Computing M;ii: Delete row 1 and column 1:

7 0 6
Myp=16 3 0
3 1 =5
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Expand along row 1:

3 0
1 -5

6 3

:7‘ 31

'—0+6‘ ':7(—15)+6(6—9):—105—18:—123.

C11 = (—1)%(—123) = —123.

Computing Mj4: Delete row 1 and column 4:

My =

N O N
w O
= W O

Expand along row 1:

6 3
3 1

0 3

22‘ 71

‘_7‘ '+0=2(6—9)—7(0—21):—6+147=l41-

Cry = (—=1)5(141) = —141.

det(A) = 1(—123) + 3(—141) = —123 — 423 =| —546 .

Example 1.42 — Determinant of a Triangular Matrix

3 1 =2
Find the determinant of U = |0 4 5
0 0 -1

Solution: U is upper triangular, so the determinant equals the product of its diagonal
entries:
det(U) =3 x4 x (1) =—12.

Properties of Determinants

Properties of Determinants

Let A and B be n x n matrices and k& a scalar.
1. det(I) =1.
2. det(AT) = det(A).

det(AB) = det(A) - det(B).
det(kA) = k™ det(A).

L

det(A™1) = ﬁ(m (if A is invertible).

det(A™) = [det(A)]".

&=

If any row or column of A is all zeros, det(A4) = 0.

If two rows (or columns) are identical or proportional, det(A) = 0.

S R

Multiplying a row by k& multiplies det(A) by k.

10. Swapping two rows changes the sign of det(A).
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11. Adding a multiple of one row to another leaves det(A) unchanged.
12. A is invertible < det(A) # 0.

13. For triangular A: det(A) = product of diagonal entries.

Example 1.43 — Applying Determinant Properties

Let A be a 3 x 3 matrix with det(A) = 4. Find:
(a) det(34), (b) det(A™1), (c) det(AT), (d) det(A3).

Solution:

det(A) 4

b) det(A) = —— = -
(

Example 1.44 — Effect of Row Operations on Determinant

Let det |d e f| = 6. Find the determinant after swapping rows 1 and 2, then multi-
g h i
plying the new row 3 by —3.

Solution: Swapping rows 1 and 2 changes the sign: det = —6.
Multiplying row 3 by —3 multiplies the determinant by —3: det = (—3)(—6) = 18.

Example 1.45 — Past Paper 2021 Q3 — Determinant Equations System
If A and B are 3 x 3 matrices such that det(A?B3) = 108 and det(A3B?) = 72, find

det(2A) and det(B~1).

Solution: Let det(A4) = a and det(B) = b.

a?b® =108 (1)
a3b? =72 (2)
Dividing (1) by (2):
b_108_3 ., 3a
a 72 2 27

Substituting into (2):

3 9a 5 5
a -T:72 = 9¢° =288 = a°=32 = a=2.

So det(A) =2 and b = 3, i.e. det(B) = 3.

det(24) = 2% - det(A) = 8 x 2 =[16].
1 1

4t (5™ = @) ~

1
3|
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Example 1.46 — Past Paper 2023 Q3 — Determinant Equations System

If Aand B are 6 x 6 matrices such that det(AB?) = 72 and det(A2B?) = 144, find
det(2A) and det(ABS).

Solution: Let det(A4) = a and det(B) = b.

ab? =72 (1)
a’b? = 144 2)
Dividing (2) by (1):
_
a = ™ =2

From (1): 20> =72 = b% = 36 = b = 6.
det(24) = 2° - det(A) = 64 x 2 =128,
det(AB®) = det(A) - [det(B)]® = 2 x 6° = 2 x 46656 = | 93312].

Example 1.47 — Past Paper 2021 Q1(xi) — Determinant of an Orthogonal Matrix
If A is an orthogonal matrix, show that det(A4) = +1.

Solution: Since A is orthogonal, AT A = I. Taking determinants:

det(ATA) = det(I) =1 = det(AT)-det(A) =1 = [det(A))> =1 = det(A) ==+1. O

Example 1.48 — Rank of a Matrix — Past Paper 2021 Q1(xiv)

3 0 2 2
Find therank of A= |—-6 42 24 54
21 —-21 0 -—15

Solution: Apply row operations to reduce to echelon form.
Ry + Ry + 2Ry, R3 + R3 — TR;1:

3 0 2 2
0 42 28 58
0 -21 -14 -29

Ry + Ry + iRy

30 2 2
0 42 28 58
0 0 0 O

There are 2 nonzero rows, so rank(A4) = .

Example 1.49 — Eigenvector Cannot Have Two Eigenvalues — Past Paper 2021 Q1(xiii)

Show that an eigenvector of a square matrix cannot correspond to two distinct eigenval-
ues.

Solution: Suppose v # 0 is an eigenvector of A corresponding to A\; and Ao. Then:

Av =X v and Av = A\yv.
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Subtracting:
(M —X)v=0.

Since v # 0, we must have \; — Ao = 0, i.e. Ay = A9. This contradicts the assumption that they
are distinct. O

Example 1.50 — Singular vs Invertible via Determinant

2 31
Determine whether the matrix A = |4 6 2| is invertible.
1 0 5

Solution: Compute det(A) by expanding along row 1:

6 2
0 5

4 2

:2‘ 15

AR

10
=2(30—0) —3(20 — 2) + 1(0 — 6) = 60 — 54 — 6 = 0.

Since det(A) = 0, the matrix A is singular (not invertible).
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Practice Problems

1. Find z, y, z given

2x +y z |5 4
x—y 3z+1| |1 7|

2 -1 3 1 0 -1
2. Let A=10 4 -2 andB=1|2 3 0 |.Compute3A—2B.
1 1 5 -1 1 2
1 -1 0 4 2 =2
3. Find the matrix X such that 2X—-3A4 = B, where A= {2 3 —1{andB= |0 1 5
0 1 4 3 -1 2
1 20 2 0 1
4. Let A=|—-1 3 1|and B= |1 -1 3|. Compute AB and BA and confirm AB # BA.
0 1 2 4 2 0

1 2 0
5. Find A2 and A3 for A= |0 1 3].
0 01

6. Show that A = [(1) _01] is a zero of f(x) = z2 + 1.

7. If A= [(11 _bl} and A2 = I, find all possible values of a and b.

8. Determine whether each matrix is symmetric, skew-symmetric or neither:

0o 2 -3 1 3 -1
A=1|-2 0 5|, B=|3 0 2
3 =5 0 -1 2 4
3 -1 2
9. Find the traceof A= |5 0 —4| and verify tr(A7) = tr(A).
1 7 =2
1 -2 4 10
10. Find the transpose of A= |3 0 —1| and verify (AB)T = BTAT for B= [0 1
2 5 7 11
2 1 -1
11. Find the inverse of A= |0 3 2 | using row reduction.
1 0 4

12. Write the inverse of D = diag(4, —3, 2, —1) immediately without any steps.

I
13. Determine whether A = \/51 ‘@] is orthogonal.
V2 V2
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Find the Hermitian transpose A* of A = 2-3 1+1 0

41 -1 2—1|
5 1—2i 3i
Verify that H = |1+ 2i 0 —i¢ | is Hermitian.
—3i ) 4
3 -2 1
Compute the determinant of A = |4 0 —3| by expanding along (a) row 1 and (b)
1 5 2
column 2.
4 3 -1 2
. . . 0 -2 5 1
Find det(A) for the upper triangular matrix A = 0 0 3 0
0O 0 0 -1

If Ais a4 x 4 matrix with det(A) = 3, find det(24), det(A™1), det(A*) and det(ATA).

If A and B are 3 x 3 matrices with det(A42B3) = 250 and det(A%B?) = 200, find det(A),
det(B) and det(34).

1 2 3
Determine whether the matrix A= |4 5 6] is invertible. Justify using the determinant.
7 89
Use row operations to find the rank of
2 4 -2 6
A=11 2 -1 3
3 6 -3 9

Show that if A is an n x n skew-symmetric matrix and n is odd, then det(A) = 0. Hint:
Use det(AT) = det(A) and AT = —A.

Let A be a 3 x 3 orthogonal matrix with det(A) = 1. Find det(A~!) and det(24).

1 2 0 2 01

Verify the property det(AB) = det(A) det(B) for A= |3 —1 1{and B= -1 3 0].
0 1 4 1 1 2

21 3 -1 . . -1 -1
If A= 5 3 and B = 5 9| verify that AB = I and hence write A~ and B

directly.

Sohaib Hasan (HOD Mathematics) 26 Horizon College Chakwal


https://www.linkedin.com/in/sohaibhassan05/

Chapter 2

System of Linear Equations

Basic Definitions and Solutions

System of Linear Equations

A system of linear equations (or linear system) is a collection of m equations in n
unknowns x1, xo, ..., x, of the form:

a1 r1 + a1axe + - + arpxy, = by

ag 1 + agre + -+ + agpxy = bo

D 455) A W =F © °© = F Gty = i

where a;; € R are the coefficients and b; € R are the constant terms.

A solution of the system is an ordered n-tuple (s1, s2, .. ., $5,) such that each equation
is satisfied when x; = s;. The set of all solutions is called the solution set.

A system is called:

e Consistent if it has at least one solution.

e Inconsistent if it has no solution.

Three Possible Outcomes for Any Linear System:
1. Exactly one solution (unique solution) — system is consistent.
2. Infinitely many solutions — system is consistent.
3. No solution — system is inconsistent.

There is no linear system that has exactly two solutions.

Example 2.1 — Identifying Consistent and Inconsistent Systems

Classify each system and state its solution set:

(a) z+y=5, z—y=1 (b) z+y=3, 2zx+2y="7 (c) z+y=4, 2z+2y=38

Solution:
(a) Adding the two equations: 2z =6 = x = 3, then y =5 —3 = 2.
Unique solution: (z,y) = (3,2). System is consistent (one solution).

27
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(b) Multiply first equation by 2: 2z 4+ 2y = 6. But the second equation says 2z + 2y = 7.
Contradiction: 6 # 7. System is inconsistent (no solution).

(c) Multiply first equation by 2: 2x + 2y = 8, which is identical to the second equation.
The two equations represent the same line. System is consistent (infinitely many solutions):
{(t,4—1t):t e R}.

Coefficient Matrix and Augmented Matrix

Given the system Az = b, the coefficient matrix is the m x n matrix A = [a;;] formed
by the coefficients of the unknowns. The augmented matrix is the m x (n+ 1) matrix
formed by appending the constant column b to A:

a1 a2 - Gip | b

as1 a2 -+ Gz, | bo
[Alb] =] . .

aAml Am2 *°° amn bm

All row operations are performed on the augmented matrix to solve the system.

Example 2.2 — Writing Augmented Matrices

Write the augmented matrix for each system:

20 —y+32=5 T1 —x2+2x3+724 =0
(a) Sz +4y—2=2 (b) { 371 + 29 +x4=0
3x+2y+2="7 41 + 29 + 223+ 224 =0
Solution:
(a)
2 -1 3 |5
[Alb)=1]1 4 —-1]2
3 2 1|7
(b) (Homogeneous system — constant column is all zeros)
1 -1 2 10
[Al0j=]3 2 0 10
4 1 2 2|0

Example 2.3 — Reading a System from its Augmented Matrix

Write the system of equations corresponding to:
1 0 -3 4
0 2 1 |-1
5 -1 0| 2
Solution:
Il - 3%3 =4
209 +x3 = —1
5:61 — X9 =2
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Equivalent Systems and Elementary Operations

Elementary Row Operations

The three elementary row operations (EROs) on an augmented matrix are:

1. Row Interchange: Swap two rows. Notation: R; <+ R;
2. Row Scaling: Multiply a row by a nonzero scalar k # 0. Notation: R; + kR;

3. Row Replacement: Replace a row by the sum of itself and a scalar multiple of
another row. Notation: R; < R; + kR;

Two systems are called equivalent if one can be obtained from the other by a finite se-
quence of elementary row operations. Equivalent systems have exactly the same solution
set.

Example 2.4 — Applying Elementary Row Operations

Apply the given row operations to the matrix:

4 =216
M = 3 0 |4
2 |1

S =N

=1l

Perform: (a) R1 Ad RQ, then (b) R1 — %Rl, then (C) R2 = R2 = 2R1.

Solution:

Step (a) Ry <> Ra:
1 3 0 |4
2 4 =216
0 -1 2|1

Step (b) Ry + 3R; (no change needed; already done above). Proceed directly to step (c).
Step (C) Ry + Ry — 2R;:

1 3 0] 4
0 -2 2| -2
0 -1 2 1

Example 2.5 — Checking Solution Equivalence after Row Operations

Show that the systems

20u=2>5 20=2>5
(I) {,’E + 2y and (H) {x + 2y
3r—y=1 =

are equivalent and have the same solution.

Solution: System (II) is obtained from System (I) by Re + Ro — 3R;.
From System (II): —7y = —14 = y = 2. Substitute: x +4 =5 =2 = 1.
Verify in System (I):

1) +22)=5v  31)-2)=1v

Both systems have solution (z,y) = (1,2). O
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Example 2.6 — Elementary Operations on a 3 x 3 System

Use elementary row operations to simplify:

0 2 -—-1|3
1 -1 2 1|5
3 1 0|4

Bring to a form where the first column has a leading 1 in row 1.

Solution:

Rl(—)Rgt
1 -1 2 1|5
0o 2 -113
3 1 0 |4

R3<—R3—3R1:

0 2 -1
0 4 —-6|-11

w

The first column now has a leading 1 in row 1 with zeros below it.

Small Square Systems

Cramer’s Rule for 2 x 2 Systems

For the system
a1z + b1y = ci, azx + bay = ca,

let D = a1by — asby. If D # 0, the unique solution is:

Da; Clbg — 021)1 Dy a1Cy — agCq
N = — = = =

D D ' Y= p T p

where D, is obtained by replacing the z-column of D with the constants, and D, by
replacing the y-column. If D = 0, the system is either inconsistent or has infinitely many
solutions.

Example 2.7 — Cramer’s Rule for a 2 x 2 System

Solve using Cramer’s Rule:

3x —2y =1, x + 4y = 5.

Solution:
D= E’ _42‘ — (3)(4) — (=2)(1) = 124+ 2 = 14,
D, — ‘g _42‘ — (7))~ (~-2)(5) = 28410 =38. D, = E’ ;‘ — (3)(5)=(T)(1) = 15— = 8.
38 [19 8 4
Tl B e vial I
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Example 2.8 — Cramer’s Rule for a 3 x 3 System

Solve using Cramer’s Rule:

r+y+z2=06, 20—y + z = 3, r+2y—z=2.

Solution:
11 1
D=2 -1 1
1 2 -1
Expanding along row 1:
-1 1 2 1 2 -1
N R R

=1(1-2)—1(-2—1)+1(4+1)
(1) = (=3)+5=—14+3+5="T.

6 1 1
Dy=1[3 -1 1|=61-2)—1(-3-2)+1(6+2)=-6+5+8="T.
2 2 -1
1 6 1
Dy=[2 3 1|=1(-3-2)—6(-2-1)+1(4—3) = -5+18+1=14.
1 2 -1
1 1 6
D.=1]2 -1 3/=1(-—2-6)—1(4—3)+6(4+1)=—8—1+30=2L.
1 2 2
D, T _ D, 14 D, 21
r=p 7= v=p =7 =0 =5 =7 =0

Example 2.9 — Detecting No Unique Solution via Cramer’s Rule

Attempt to solve using Cramer’s Rule:

2z — 4y = 6, —x + 2y =3.

Solution:
2 -4

2 SFee-coen=i-a=o

Since D = 0, Cramer’s Rule does not apply. Check consistency: multiply the second equation
by —2: 2z — 4y = —6. But the first equation gives 2x — 4y = 6. Contradiction = the system is
inconsistent (no solution).

Systems in Triangular and Echelon Forms

Triangular and Echelon Form
A system is in upper triangular form if, in the coefficient matrix, all entries below ]

Sohaib Hasan (HOD Mathematics) 31 Horizon College Chakwal



https://www.linkedin.com/in/sohaibhassan05/

Linear Algebra Systems in Triangular and Echelon Forms

the main diagonal are zero. For example, a 3 x 3 triangular system has the shape:

a1121 + a1222 + a13x3 = by
a2 + a23x3 = b
az3xr3 = b3

Such a system is solved by back substitution: solve the last equation first, then sub-
stitute upward.

A matrix is in row echelon form (REF) if:
1. All zero rows are at the bottom.

2. The first nonzero entry in each row (called the pivot or leading entry) is strictly
to the right of the pivot in the row above.

3. All entries below each pivot are zero.

Example 2.10 — Back Substitution in a Triangular System

Solve the triangular system:

2c +3y —2=9, 4y + 2z = 6, 3z = 6.

Solution:
From the third equation:
32=6 = z=2.

Substitute z = 2 into the second equation:
dy+2(2)=6 = dy=2 = y=13.
Substitute y = %, z = 2 into the first equation:

204+3(3) —2=9 = 22 +3-2=9 = 2w=9-3+4+2=1 — =1,

19 1
Solution: | —, =, 2.
olution (4,2, )

Example 2.11 — Identifying Row Echelon Form

Determine which matrices are in row echelon form:

13 -1 01 2 120 4
A=102 4|, B=|[103], ©=]0o0 31
00 5 00 1 000 2

J

Solution:

(A) Pivots are at positions (1,1), (2,2), (3,3), each strictly right of the one above, all
below-pivot entries are zero. Yes, (A) is in REF.

(B) The pivot of row 2 (position (2, 1)) is to the left of the pivot of row 1 (position (1,2)).
No, (B) is not in REF.

(C) Row 1 pivot at column 1, row 2 pivot at column 3 (column 2 is skipped — allowed),
row 3 pivot at column 4. Each pivot is strictly to the right of the one above. Yes, (C) is in
REF.

Sohaib Hasan (HOD Mathematics) 32 Horizon College Chakwal


https://www.linkedin.com/in/sohaibhassan05/

Linear Algebra Gaussian Elimination

Example 2.12 — Solving a System via Back Substitution from REF

Solve the system whose augmented matrix in REF is:

1 -2 1| 3
0 1 4] 2
0 0 1|-1

Solution:
The system reads:

] —2x9+ 23 =3
To + dag = 2

xr3 = —1.

From row 3: x3 = —1.
From row 2: 9 +4(—1) =2 = 29 = 6.
From row 1: 1 —2(6) + (-1) =3 =2; — 13 =3 = z; = 16.
Solution: |(z1,x2,z3) = (16, 6, —1) |

Gaussian Elimination

Gaussian Elimination

Gaussian elimination is a systematic algorithm that transforms the augmented matrix
[A | b] into row echelon form using elementary row operations, then solves by back
substitution.

Gauss-Jordan elimination continues further, reducing the matrix to reduced row
echelon form (RREF), where each pivot equals 1 and all other entries in its column
are zero. The solution can then be read off directly without back substitution.

Steps for Gaussian Elimination:
1. Write the augmented matrix [A | b].

2. Identify the leftmost nonzero column (pivot column).

e

Swap rows if needed to place a nonzero entry at the top of the pivot column.

i

Use row replacement operations to create zeros below the pivot.
5. Ignore the top row and repeat steps 2—4 on the remaining submatrix.
6. Once in REF, solve by back substitution.

Consistency check: If a row of the form [00 --- 0| ¢] with ¢ # 0 appears, the system is
inconsistent.

Example 2.13 — Gaussian Elimination (Unique Solution)

Solve by Gaussian elimination:

3x1 + a2 —x3 = —4, T + 9 — 203 = —4, —x1 + 219 —x3 = 1.

Solution:
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Augmented matrix:

3 1 —1|—4
1 1 —2| -4
-1 2 -1 1

R; <> Ry (bring the simplest leading entry to top):

1 1 -2|—-4
3 1 —-1|—-4
| -1 2 —1] 1 |
R2 — Rz — 3R1:
1 1 -2|-4
0 -2 5 8
-1 2 =11
Rs < Ry + Ry: ] ]
1 1 -2|—4
0 -2 5 8

R3 < R3 + %Rg:

Back substitution:

3
5:53:9 = 23 =6.

—229 4 5(6) =8 = —2wp =8 —30=—22 = x5 = 11.
1411 -206) =4 = 11 +11-12=—4 — z; = 3.

Solution: | (z1, z2, x3) = (=3, 11, 6)|.

Example 2.14 — Past Paper 2024 Q4(a) & 2025 Q4(a)

Solve the system by Gaussian elimination:

3x1 + a2 — x3 = —4, T + xo — 203 = —4, —x1 + 2x9 —x3 = 1.

Solution: This is the same system solved in Example 2.13. (See above.) Solution:
(1‘1, 2, 1‘3) = (—3, 11, 6) .

Example 2.15 — Gauss-Jordan Elimination (RREF)

Solve using Gauss-Jordan elimination:

rt+y—2z=2, 2¢ —y+ 2z =25, r—2y+32=0.

Solution:

Augmented matrix:
1 1 —-1]2
2 -1 1 |5
1 -2 310
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Ry < Ry — 2Ry, R3 + R3 — Ry:

1 1 —-1] 2
0 -3 3 1
| 0 -3 4 | -2 |
Ry + —%Rg:
1 1 —-1] 2 ]
1
0 1 —1|-4
| 0 =3 4 | -2 |
R3 + R3 + 3Ra:
1 1 -1 2
1
01 —1|-1%
00 1 ]-3
Now apply upward elimination (Gauss-Jordan):
Ry +— Ry + R3:
1 1 -1 2
01 o0 |-%
0 0 1 -3
Ry + Ry + Rs: ) )
1 1 0| -1
10
10 B
| 0 0 1] =3 |
R1 — R1 — RQZ -~ _
1 00| %
0104
00 1| -3 |
1
Solution: |z = g, Ty = —?O, r3 = —3

Example 2.16 — Inconsistent System via Gaussian Elimination

Solve using Gaussian elimination:

r+2y+2z=23, 20 + 4y + 2z =1, r+y+z=1.

Solution:
[1 2 1]3]
2 4 2
11 1|1 |
RQ(—R2—2R1: -~
1 2 1 i
0 0 0]1
| 1 1 1)1 |

Row 2 reads 0 = 1, which is a contradiction. The system is inconsistent — no solution
exists.
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Example 2.17 — System with Infinitely Many Solutions

Solve using Gaussian elimination:

T + 229 — x3 = 3, 2x1 + 4xo — 223 = 6, r1 + 22 + x3 = 4.

Solution:
1 2 -1/3
—216
11 1 |4
Ry« Ry — 2Ry, R3 + R3s — Ry:
(1 2 —13]
0 0
0 -1 2 |1
R2 <~ Rg: ~ _
1 2 —-1]3
-1 21
|0 0 0 |0 ]
R2 — —Rg:
(1 2 1| 3
01 —-2|-1
(00 0] 0 |
xg =t (free variable). From row 2: xg — 2t = —1 = x9 = 2¢t — 1. From row 1: x; + 2(2t —

1)—t:3:>l‘1—|—3t—2:3:>£81:5—3t.
General solution (infinitely many solutions):

(1, w2, 33) = (5-3t, 2t — 1, 1), tER.

Echelon Matrices and Row Canonical Form

Reduced Row Echelon Form

A matrix is in reduced row echelon form (RREF), also called row canonical form,
if it satisfies all conditions of REF and additionally:

1. Every pivot (leading entry) equals 1.

2. Every entry above and below each pivot is zero — the entire pivot column is
cleared.

Two matrices are row equivalent if one can be obtained from the other by a finite
sequence of elementary row operations. Row equivalent matrices always have the same
solution set.

REF vs. RREF — Quick Comparison:
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Property REF RREF
Zero rows at bottom v v
Each pivot right of above v v
Zeros below each pivot v v
Each pivot =1 X v
Zeros above each pivot X v

Example 2.18 — Identifying REF and RREF .

Classify each matrix as neither, REF only, or RREF:

130 100 0
A=1012/, @=o10], (©=]1
00 1 00 1 0

o O =
=W N

Solution:

(A) Pivots at (1,1), (2,2), (3,3) — each to the right of the one above, zeros below each
pivot. v REF.

But entry (1,2) = 3 is above the pivot in column 2, so not all above-pivot entries are zero.
REF only, not RREF.

(B) Pivots are all 1, each column has zeros everywhere except the pivot position. This is
RREF (and also REF).

(C) Row 1 pivot is at column 2, but row 2 pivot is at column 1 — column 1 is to the left
of column 2. Neither REF nor RREF.

Example 2.19 — Reducing a Matrix to RREF

Reduce to RREF:

Solution:

Ry <> Ry (bring nonzero pivot to top of column 1):

1 3 5 3
0 2 4 2
2 8 10 6
Rs + R3 — 2Ry:
1 3 5 3
0 2 4 2]
02 0 0
Rg — R3 — RQZ
1 3 5 3
0 2 4 2
0 0 —4 -2
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Ry + %RQ, R3 + —%Rg:

1 5 3
1 2 1
0 0 1 3]
R2 — R2 — 2R3, Rl — Rl — 5R3:
Bl 0 %_
1 0 0
0 0 1 1]

Ry + Ry — 3R3y:

e}

+— RREF

o o
S = O
— O

N[= O Nf=

Example 2.20 — Row Equivalence of Two Matrices

Show that the matrices
1 2 3 1 01
A=12 5 7 and B=1|0 1 1
1 3 5 0 0 1

are row equivalent by reducing A to REF and comparing with B.

Solution:

Ry < Ry — 2Ry, R3 < R3 — Ry:

1 3
01 1
_O 1 -
R3 — R3 — Rg: ~ _
1
0 1 1
_0 1_
R1 — R1 — 2R2:
1 0 1
0 1 1| =B.
0 0 1

Since A reduces to B by elementary row operations, A and B are row equivalent.

Gaussian Elimination Method

Matrix Equation of a Linear System

Any system of m equations in n unknowns can be written compactly as

Az = b,
where A is the m x n coefficient matrix, r = [z, 22, ...,2,]” is the unknown vector,
and b = [by, ba,...,by,]7 is the constant vector.
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The system Ax = b is consistent if and only if b is in the column space of A, i.e. b
can be written as a linear combination of the columns of A.

Example 2.21 — Writing a System

Write the matrix equation for the system:

2x1 — x9 4+ 3x3 =5, r1 +4x9 — 3 = 2, 3rx1+2x0+23="17.

Solution:

Identify the coefficient matrix A, unknown vector x, and constant vector b:

2 -1 3 x1 )
A= |1 4 -1{, x= |x2]|, b= |2
3 2 1 x3 7

The system is equivalent to the single matrix equation Ax = b, i.e.:

2 -1 3 X1 5
1 4 —1] |z = |2
3 2 1 X3 7

Consistency Theorem (Rouche-Capelli)

The system Ax = b is consistent if and only if
rank(A) = rank([A | b]).
Moreover, if the system is consistent and has n unknowns:
1. If rank(A) = n, the system has a unique solution.

2. If rank(A) < n, the system has infinitely many solutions, with n —rank(A) free
variables.

Example 2.22 — Using Rank to Determine Solution Type

Without solving, determine the solution type of the system:

1 + 2z + 313 = 4, 2x1 + 4xo 4 623 = 8, T + x9 + 223 = 3.

Solution:

Form the augmented matrix and row reduce:

1 2 3|4
2 4 6|8
11 23
Ry < Ry — 2Ry, R3 < R3 — Ry:
1 2 3] 4
0 0 00
0 -1 -1]-1
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Ry < Rj3:
1 2 314
0 -1 -1]-1
0 0 010

rank(A) = 2, rank([A | b]) =2, n = 3.
Since rank(A) = rank([A | b]) = 2 < 3, the system is consistent with 3—2 = 1 free variable.
It has infinitely many solutions.

Linear Combinations

Solution as a Linear Combination of Columns .

The matrix equation Ax = b can be written as:

x1a; + xeag + -+ - + wpa, = b,

where aq, as,...,a, are the columns of A.
Therefore, solving Az = b is equivalent to asking:
“Can b be expressed as a linear combination of the columns of A?”

If yes, the coefficients x1, x2, . .., x, form the solution. If no, the system is inconsis-
tent.

Example 2.23 — Past Paper 2024 Q3(a)

Determine whether the vector v = (3,3,—4) is a linear combination of u; = (1,2,3),
ug = (2,3,7), us = (3,5,6).

Solution:
We need scalars x1, xo, x3 such that ziu; + zous + x3us = v.

This gives the system Az = v where:

1 2 3] 3
2 3 5|3
3 7 6|4

R2 — RQ — 2R1, Rg — R3 — 3R1:

R3 < R3 + Rs:

Back substitution:
—4xr3 =—-16 — x3 =4.

—my—d=-3 = a9 =—1.

21 +2(-1)+34) =3 = 2, =3-10=—7T.
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Verification:
—7(1,2,3)+(-1)(2,3,7)+4(3,5,6) = (=7,—14, —21)+ (-2, -3, =7)+(12,20,24) = (3,3, —4) vV

Yes, v = (3,3, —4) is a linear combination of uy, ug, us.

Example 2.24 — Linear Combination with No Solution

Determine whether v = (1,2,4) is a linear combination of u; = (1, 1,2) and us = (2, 3, 6).

Solution:

Set up the augmented matrix:

1 2|1
1 3|2
L 6 4_
Rz(—R2—R1,R3<—R3—2R1:
1 2|1
111
[0 2|2 |
R3<—R3—2R2: ~ _
1 2|1
111
[0 00 |

No contradiction row appears. rank(A) = rank([A | b]) = 2.
Back substitution: o =1, 1 =1 —2(1) = —1.

Sov=—1-u;+1-us. Yes, v is a linear combination of u; and us.

Example 2.25 — Value of k£ for a Linear Combination

For what value of k is the vector (1,—2,k) in R? a linear combination of (3,0, —2) and
(2,-1,-5)?

Solution:
We need z1(3,0,—-2) + 22(2, -1, -5) = (1, -2, k).
This gives the system:

3 2 1
0 -1|-2
-2 —5| k
From row 2: zo = 2.
Fromrow 1: 321 +4=1 — z; = —1.

Substitute into row 3:

~2(-1)-5(2) =k = 2-10=k = [k=-8]
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Homogeneous Systems

Homogeneous System

A system Ax = b is called homogeneous if b = 0, i.e. every right-hand side constant is
Zero:

;171 + apx2 + -+ apr, =0, 1=1,2,...,m.

Every homogeneous system is always consistent, since z = 0 (called the trivial
solution) is always a solution.

A homogeneous system has a nontrivial solution (i.e. a solution with at least one
x; # 0) if and only if it has a free variable, which occurs when:

rank(A) <n (number of unknowns).

In particular, if the system has more unknowns than equations (n > m), it always
has a nontrivial solution.

-

Structure of Solutions of a Homogeneous System:
1. The trivial solution x = 0 always exists.
2. If z, and z, are solutions, so is x;, + x4 (closed under addition).

3. If z, is a solution and c € R, then cx), is also a solution (closed under scalar multipli-
cation).

4. The solution set of Az = 0 forms a subspace of R", called the null space of A.

Example 2.26 — Past Paper 2021 Q2

Examine the homogeneous system for a nontrivial solution:

r] —xo + 223 + x4 =0, 3x1 + 29 + x4 =0, 4x1 + x9 + 223 4+ 224 = 0.

Solution:

We have m = 3 equations and n = 4 unknowns. Since n > m, a nontrivial solution must
exist. We find it explicitly.

Augmented matrix (right column all zeros, omitted for brevity):

1 -1 2 10
3 2 0 110
4 1 2 2|0
Rz — R2 — 3R ~ _
1 -1 2 110
0 5 -6 =20
41 2 20|
R3 — R3 —4R;: ~ _
1 -1 2 110
0 5 —6 —-20
0 5 —6 —2/0 |
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R3 — R3 — Ro:
1 -1 2 110
0 5 —6 —-2|0
0 0 0O 0|0

rank(A) = 2 < 4, so there are 4 — 2 = 2 free variables. Set 3 = s and x4 =t (free).

From row 2:

6 2t
Sr9 =65+ 2t = x9 = S—; .
From row 1:
6 2t 6 2t —10s — 5t —4s— 3t
Tl =T9—25—t= 5+ —2s—t= S+ 3 5 = 85 .

General solution (nontrivial solutions exist for any s,¢ # 0,0):

t
(21, 2, 3, 24) = g(—4,6,5,0) +:(-3.2,0,5), stck.

Example 2.27 — Homogeneous System with Only Trivial Solution

Solve the homogeneous system:

T+ 2290 —x3 =0, 221 + 29 + 23 =0, 1 — 22 + 223 = 0.

Solution:

1 -11]0
1 110
1 -1 2|0
Ry + Ro —2R1, R3s + Rs — Ry:
1 2 —=1]0]
0 -3 3 |0
0 -3 3 [0
R3 (—R3—R2: ~ _
1 2 =110
-3 3|0
0 0 00

rank(A) = 2 < 3, so one free variable exists. Set x3 = t.

From row 2: —329+3t =0 — 29 =1t.
Fromrow 1: 21 +2t -t =0 — z1 = —t.

General solution:
(.’El,xg,x3) :t(—l, 1, 1), t e R.

The system has infinitely many nontrivial solutions; the only trivial solution occurs at ¢t = 0.
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Example 2.28 — Echelon Form of a System (Past Paper 2023 Qliv)

Convert the coefficient matrix of the given system to echelon form:

r1 — 9 + 223 = 0, 4x1 + 9 + 223 = 1, 1+ a9+ 23 =—1.

Solution:

Augmented matrix:

1 -1 2

4 1 2|1

1 1 1|-1
Ry« Ry — 4Ry, R3 + R3s — Ry:

1 -1 2 0

0 5 —6|1

)
[\
|
—_
I
—

R3 — 5R3 — 2Rs:

1 -1 210
0 5 —-6]1 + Row Echelon Form
0O 0 7 |-7

Back substitution from row 3: 7z3 = -7 = x3 = —1.

From row 2: bzo +6 =1 = x5 = —1.

Fromrow 1: 21 +1-2=0 = z1 = 1.

Solution: |(z1,x2,z3) = (1, =1, =1)|.

Null Space of a Matrix

Null Space

The null space (or kernel) of an m x n matrix A is the set of all solutions to the
homogeneous system Az = 0:

Null(A) = {z € R" : Az = 0}.

The null space is always a subspace of R".

The nullity of A is the dimension of the null space:
nullity(A) = n — rank(A).

This is also the number of free variables in the solution of Az = 0.

Rank-Nullity Theorem: For any m x n matrix A:
rank(A) + nullity(A) = n.

The rank counts the pivot variables; the nullity counts the free variables. Together they
always sum to the total number of unknowns n.
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Example 2.29 — Finding the Null Space of a Matrix

Find the null space and nullity of

1 2 -1 3
A=12 4 1 1
36 0 4
Solution:
Row reduce the augmented matrix [A | 0]:
1 2 -1 3]0
24 1 110
3 6 0 4|0

Ry < Ry — 2Ry, R3 + R3 — 3Ry:

12 -1 3 1|0

o
o
w
|
o
o

R3 (—R3 —Rz:

o
o
|
ot
o

Pivot columns: 1 and 3. Free variables: xo = s, 14 = t.

From row 2: 3z3 =5t — x3 = %

From row 1:
5t 4t
T :—25+w3—3t:—25+§—3t:—23—§.

General solution:
-2

|
Wl

r=Ss 4+t , s,teR.

1
0
0

— wlot O

Null(A) is spanned by these two vectors. nullity(A) = 2, rank(A) =2, and 2+2 =4 =n.
v

Example 2.30 — Null Space of a Square Matrix

Find the null space of

2 -4 2
A=11 -2 1
3 —6 3

Solution:
All rows are multiples of (1,—2,1), so after row reduction:
-2

1
0 O
0 0

S O =
o O O
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One pivot variable: x1. Free variables: xo = s, x3 = t.
From row 1: 1 = 2s — t.

General solution:

2 -1
r=s|1|+t]| 0], steR
0 1

nullity(A) = 2, rank(A) =1, and 1 +2=3=mn. v

Example 2.31 — Rank and Nullity Verification .

For the matrix

10 -3 0 2

01 5 0 -1
A= 00 0 1 4}’

00 0 0 O

identify the pivot and free variables, state rank(A) and nullity(A), and verify the Rank-
Nullity Theorem.

Solution:

The matrix is already in RREF. Pivots appear in columns 1, 2, and 4.
rank(A) = 3.
Free variables are 3 and x5 (columns 3 and 5).
nullity(A) =5—-3 = 2.
Rank-Nullity check:

rank(A) + nullity(A) =3+2=5=n. v
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Practice Problems

1. Determine whether the following system is consistent. If consistent, state whether the
solution is unique or involves free variables:

201 —xo+3x3 =4, 4dx1 —2294+623=9, x1+x20—23=1.

2. Write the augmented matrix for the system and use Gaussian elimination to solve:

1+ 200 —x3+2x4 =2, 201 —2x29+3x3—14=0>5, x1+3x2—2x3+ 2x4=1.

3. Reduce the matrix to RREF and identify all pivot and free variables:

02 —4 6
1 3 5 =2
A= 2 8 0 4
1 5 -1 2

4. Use Cramer’s Rule to solve:

20 —y+32=9, x4+2y—2=2, 3r—y+2z=10.

5. Solve by back substitution:

3x1 —6x0 4+ 223 — x4 =95, 4dxo —x3+2x4=3, 2x3—3x4=4, 5bxry=10.

6. Determine all values of k for which the system has (i) no solution, (ii) a unique solution,
(iii) infinitely many solutions:

r4+2y+kz=3, 2x+ky+8z=10, 3z+6y+ 12z = k.

7. Show that the following homogeneous system has only the trivial solution:

]+ 29 —x3 =0, 2x1+5dr2+3x3=0, x1+4 322+ 4x3=0.

8. Find the null space and nullity of:

1 3 -2 0 2
00 1 4 =3
A= 00 0 0 1
00 0 0 O

Verify the Rank-Nullity Theorem.

9. Examine the homogeneous system for nontrivial solutions and express the general solution
in vector form:

1 — 29+ 23 —24=0, 221 —4a9+3x3+24=0, 321 — 622+ 423=0.

10. For what values of h and k is the system consistent?

xr — 3562 = 1, 2$1 + hCCQ = k.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Determine whether the following system has a unique solution, no solution, or infinitely
many solutions. If a solution exists, find it:

r+y+z+w=4, 2x4+y—z4+w=1, z—y+2z—w=2, Jr+2y+z+2w=".

Find the RREF of the matrix and use it to solve the associated homogeneous system:

1 -1 2 -1
2 -2 4 =2
A= 1 0 3 1
0o 1 -1 3

Two systems share the same coefficient matrix A. System I has solution (1,—1,2) and
System II has solution (0,2,—1). Write down three other solutions to each system and
explain your reasoning.

Solve the system using Gauss-Jordan elimination:

x1 —2x9+x3—x4 =3, 221 —4dro+2x3+214=05, X1 —229+123+414=171.

For the matrix

3.0 2 2
—6 42 24 54|,
21 —21 0 -15

A=

find rank(A) and nullity(A).

Determine whether the vector v = (2,—1,3,5) is a linear combination of:

up =(1,0,1,2), wuy=(0,1,-1,1), ug=(1,1,0,3).

Find all values of a and b such that the vectors (1,a,2), (2,1,b), (3,2,1) are linearly
dependent in R3.

A 3 x 5 homogeneous system has rank(A) = 2. (a) Find nullity(A). (b) Write the general
form of the solution. (c) State the minimum number of free variables.

Find the LU decomposition of:

2 4 =2
A=|4 9 =3
-2 -3 7

Use it to solve Az = b where b = (2,8,10)7T.

Show that the following system is inconsistent:

r1+2x9 —x3 =3, 2x1+4x0—2x3=0>5, w1+ 312+ 2x3=24.

Find an elementary matrix E such that EFA equals the matrix obtained from
1 2 3
A=14 5 6
789

by the operation Ry < Ry — 4R;. Then compute E~! and interpret its row operation.
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22. Express A =

23.

24.

25.

0 = N

11
3 3| as a product of elementary matrices.
79

Solve the system Ax = b using LU decomposition, where:

1 2 0 1
A=12 5 -1}, b=15
4 10 -1 11

Let A be a 4 x 6 matrix with rank(A) = 3. (a) How many free variables does Az = 0 have?
(b) Is the system Az = b always consistent for every b? Explain. (¢) Can Az = b have a
unique solution? Explain.

Given the system of equations with parameter A:
A=2z+y=0, z+(A—2)y=0.

Find all values of A for which the system has a nontrivial solution, and find those solutions.
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Vector Spaces

Vector Spaces

Vector Space

Let V be a nonempty set equipped with two operations: vector addition (denoted u+v
for u,v € V) and scalar multiplication (denoted kv for k € K, v € V, where K is a
field such as R or C). Then V is called a vector space over K if the following axioms
hold for all u,v,w € V and all a,b € K:

Addition Axioms:

1. (u+v)+w=u+(v+w)
2. There exists 0 € V such that u+0=u
3. For each u € V there exists —u € V such that v+ (—u) =0
4. u+v=v+u
Scalar Multiplication Axioms:
5. a(u+v) = au+ av
6. (a+bu=au+bu
7. (ab)u = a(bu)

8. lu=u

The elements of V' are called vectors and the elements of K are called scalars.

Example 3.1 — Verifying the Zero Vector Space R

Show that V' = {0} consisting of a single element 0 with 0 +0 = 0 and k0 = 0 for every
scalar k is a vector space.

Solution: All eight axioms reduce to trivial statements involving only 0:

(0+0)+0=04+(04+0)=0
04+0=0 (so0 is the zero vector)
0+(-0)=04+0=0 (so —0=0)
a(04+0)=a0+a0 =0

Every axiom is satisfied since there is only one vector and it behaves consistently under all
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operations. Hence V' = {0} is a vector space, called the zero vector space. O

Example 3.2 — Verifying R as a Vector Space

Show that R?® with the usual componentwise addition and scalar multiplication satisfies
the vector space axioms, using u = (1,2,3), v = (0, —1,4), w = (2,0,1) and scalar a = 2.

Solution: Commutativity:
u+v=(1,2,3)+(0,—-1,4) = (1,1,7)

V+u= (0;_1a4)+(17273) = (1’1’7)

Sout+v=v+u v
Zero vector: 0 = (0,0,0) satisfies u +0 = (1,2,3) + (0,0,0) = (1,2,3) = u. v
Distributivity:

a(u+v) =2(1,1,7) = (2,2, 14)
au—+ av =2(1,2,3) +2(0,—1,4) = (2,4,6) + (0, —2,8) = (2,2, 14)

So a(u+v) =au+ av. v
Since all axioms hold for arbitrary vectors under the standard operations, R? (and in general
R™) is a vector space over R. O

Example 3.3 — A Set That Is Not a Vector Space .

Let V = R? with the usual addition, but define scalar multiplication by

k(z,y) = (kz,0).

Show that V is not a vector space under this operation.

Solution: Check Axiom 8, which requires lu = u for all u € V.
Let u = (3,5). Then:

lu=1(3,5) = (1-3,0) = (3,0) # (3,5) = u.

Since lu # u, Axiom 8 fails. Therefore V with this modified scalar multiplication is not a
vector space. O

Checking Whether a Set Is a Vector Space:
1. It is enough to find one axiom that fails to prove a set is not a vector space.

2. To prove a set is a vector space, all eight axioms must be verified in general (using
arbitrary vectors and scalars, not just specific numbers).

3. The most commonly violated axioms in exam questions are closure, the existence of a
zero vector, and Axiom 8 (lu = u).
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Examples of Vector Spaces

Space K"

The Space K"

Let K be a field (R or C). The set of all n-tuples of elements of K, denoted K", is a
vector space over K where addition and scalar multiplication are defined componentwise:

(al,...,an)+(b1,...,bn)=(al—i—bl,...,an—i—bn),

k(a,...,an) = (kay,... kay,).
The zero vector is (0,0, ...,0).

Example 3.4 — Operations in R*

Let u = (1,-2,0,3) and v = (2,1, —4,5) in R%. Find 3u — 2v.

Solution:

3u = 3(1, 203) (3, 609)
2 =2(2,1,-4,5) = (4,2, -8, 10)
3u — 20 = (3,—6,0, 9) (4,2 8 10) = (—1,-8,8,—1).

3u—2v=|(-1,-8,8,—1)

Example 3.5 — Complex Space C?

Let u = (1 —14,2) and v = (4,3 + i) in C?. Find v+ v and (2 + i)u. ]
Solution:
u+v=(1—-i+1 24+3+1i)=(1, 5+1)
24 du=((2+4)(1—1i), (2+1)(2))
= (2—2i+1i—14% 4+20)
=(2—-i+1, 4+2i)
= (3—1i, 44 2i).
ut+v=(1, 5+1)| 24+ u=|3—1i, 44 2i)

Polynomial Space

Polynomial Space P(t)

Let P(t) denote the set of all polynomials in a variable ¢ with coefficients from a field K:
p(t) = ap + a1t + ast® + -+ + agtd.

P(t) is a vector space over K under the usual addition of polynomials and multiplication
of a polynomial by a scalar. The zero polynomial is the zero vector. The subset P, (t)
consisting of all polynomials of degree < n is also a vector space.
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Example 3.6 — Operations in Px(t)

Let p(t) =2t — 3t + 1 and q(t) = —t> + 4t + 5 in Po(t). Find p(t) + q(t) and 3p(t). ]

Solution:

p(t) +q(t) = (2t — 3t + 1) + (—t* + 4t +5)
=2-Dt*+ (=3+4)t+(1+5)
=12 +t+6.

3p(t) = 3(2t% — 3t + 1) = 6t% — 9t + 3.

p) +a(t) =[£+t+6 3p(t) =

Matrix Space

Matrix Space M, ,

The set of all m x n matrices with entries from a field K, denoted My, ,(K) or simply
M., n, forms a vector space over K under the usual matrix addition and scalar multipli-
cation. The zero matrix is the zero vector.

Example 3.7 — Operations in M-

1 2 0 —1f. .
Let A= [3 4] and B = [2 1] in Mao. Find 24 — 3B.

Solution:

Function Space

Function Space F(X)

Let X be a nonempty set and K a field. The set F/(X) of all functions f : X — K forms
a vector space over K, where for f,g € FI(X) and k € K:

(f+9)(@) = f(2) +9(z),  (kf)(x)=kf(z) forallzelX.

The zero vector is the zero function, which sends every x € X to 0.

J

Example 3.8 — Operations in a Function Space

Let f(x) = sinz and g(x) = 22 be functions in F(R). Describe (f + g)(x) and (3f)(z).

Solution: By definition of addition and scalar multiplication in a function space:

(f + 9)(z) = f(z) + g(z) = sinz 4 2°.
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(3f)(x) =3f(x) = 3sinz.
(f+9)@) =[sine+22)  (3f)) =

Common Vector Spaces to Remember:

-

1. K™ — n-tuples with componentwise operations
2. P(t) and P,(t) — polynomials (all degrees, or degree < n)
My, — m X n matrices

F(X) — functions from a set X into a field K

= 88

In every case, the zero vector is the “zero object” of that space (zero tuple, zero
polynomial, zero matrix, zero function).

Linear Combinations and Spanning Sets

Linear Combinations

Linear Combination

Let V be a vector space over a field K, and let ui,us,...,unm € V. A vector v € V is
called a linear combination of uy,us, ..., uy, if there exist scalars ay,as,...,a, € K
such that

V= a1u1 + aug + -+ -+ G Uy

Finding such scalars (if they exist) reduces to solving a system of linear equations.

Example 3.9 — Expressing a Vector as a Linear Combination

Write v = (4,9) as a linear combination of u; = (1,2) and ug = (2, 3).

Solution: We seek scalars a, b such that v = auy + buo:

a(1,2) +b(2,3) = (4,9)
a+2b=14
2a+3b=9

Multiply the first equation by 2 and subtract from the second:

(2a + 3b) — (2a+ 4b) =9 — 8
—b=1 = b=-1

Substitute back: a +2(—1) =4 a=6.
Verification: 6(1,2) —1(2,3) = (6,12) + (—2,—-3) = (4,9). v

v =|6u; — Uy

Example 3.10 — Past Paper 2024 Q1(iii) & 2025 Q1(iii)

For what value of k is the vector (1,—2,k) in R? a linear combination of (3,0, —2) and
(2,—1,-5)?
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Solution: We require scalars a, b such that
a(3,0,—2)+b(2,—-1,-5) = (1,-2, k).

This gives the system:

3a+2b=1
—b= -2
—2a—5b=k

From the second equation, b = 2. Substituting into the first:
30+22)=1 = 3a=-3 = a=-1.
Substitute a = —1, b = 2 into the third equation:

k=-2(-1)—5(2)=2-10 = —8.

k=[-8]

Example 3.11 — Past Paper 2024 Q3(a)

Determine whether v = (3,3, —4) is a linear combination of z = (1,2,3), y = (2,3,7),
and z = (3,5,6).

Solution: Seek scalars a, b, ¢ such that ax + by 4+ cz = v:

a+2b+3c=3 (1)
20+ 3b+ 5c = 3 2)
3a+ 7b+ 6c = —4 (3)

Compute (2) —2(1):
—b—c=-3 = b+c=3 (4)

Compute (3) — 3(1):
b—3c=—13 (5)

From (4), b = 3 — c. Substitute into (5):

(3—¢)—3c=-13
3—4c=-13
c=4

Then b=3—-4=—1, and from (1): a =3—-2(—-1)—3(4) =3+2—-12=—T7.
Verification (Eq. 3): 3(=7)+7(—1)+6(4) =—-21-7T+24=—-4. V

Since a consistent solution exists, v is a linear combination of x,y, z:

v=|—Tr—y+4z
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Spanning Sets

Linear Span and Spanning Set

Let S = {uy,ug,...,un} be a subset of a vector space V. The set of all linear combina-
tions of vectors in S is called the linear span of S, denoted span(.S):

span(S) = {aju1 + agua + - -+ + apuy, : a; € K}.
If span(S) =V, we say that S spans V, or that S is a spanning set of V.

Example 3.12 — Verifying a Spanning Set of R?

Show that S = {(1,1,1),(1,1,0),(1,0,0)} spans R3.

J

Solution: Let (a,b,c) be an arbitrary vector in R®. We must find scalars x, vy, z such that
x(1,1,1) + y(1,1,0) + 2(1,0,0) = (a, b, ¢).

This gives the system:

T+yt+z=a
x+y==>
T=c

From the third equation, x = ¢. Substituting into the second: y = b — ¢. Substituting both into
the first: z =a — 0.
Since we obtained a solution for arbitrary (a,b,c):

(a,b,¢) =¢c(1,1,1) 4+ (b — ¢)(1,1,0) + (a — b)(1,0,0),

every vector in R3 is a linear combination of S. Hence S spans R3. O

Example 3.13 — Spanning Set of a Polynomial Space
Show that S = {1,t,t%} spans Py(t). ]

Solution: Any polynomial in P»(t) has the general form
p(t) = co + c1t + cot?
for some scalars cg, 1, co. This is already exactly a linear combination of 1, ¢, and ¢2:
p(t) = co(1) + c1(t) + ca(t?).

Since every p(t) € Pa(t) can be written this way, S = {1,t,t%} spans Py(t). O

Example 3.14 — A Set That Does Not Span R3

Determine whether S = {(1,2,3),(0,1,4)} spans R3. ]

Solution: Test whether the vector (0,0,1) can be written as a linear combination of S:

a(1,2,3) +b(0,1,4) = (0,0,1).
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This gives:
a=20
20+b=0 = b=0
3a+4b=1

Substituting a = 0, b = 0 into the third equation gives 0 = 1, which is a contradiction. Hence
(0,0,1) ¢ span(S), so S does not span R3.

Key Facts About Spanning Sets:
1. A set of fewer than n vectors can never span R".

2. If a system derived from span(S) = v leads to a contradiction (like 0 = 1), then

v ¢ span(S).

3. A spanning set need not be unique, and it need not be the smallest possible set (it may
contain redundant vectors).

Subspaces

Subspace

Let V' be a vector space over a field K. A subset W C V is called a subspace of V if W
is itself a vector space over K under the addition and scalar multiplication operations
already defined on V.

Subspace Test

J

A subset W of a vector space V is a subspace of V if and only if the following three
conditions hold:

1.0eWw (zero vector condition,)
22y veW = u+tveW (closure under addition)
BueW, ke K = kueW (closure under scalar multiplication)

Example 3.15 — Past Paper 2023 Q1(vi)

Check whether W = {(x,y,2) € R®: 22 + 3y — 42 = 0} is a subspace of R3.

Solution: Zero vector: 2(0) + 3(0) —4(0) =0, s0 0= (0,0,0) e W. vV

Closure under addition: Let u = (z1,y1,21) and v = (x2,y2, 22) be in W, so 2x1 4+ 3y; —
421 = 0 and 229 4 3ys — 4290 = 0. Then

2(w1 4+ @2) + 3(y1 +y2) — 4(21 + 22) = (221 + 3y1 — 421) + (222 + 3y2 — 422)
=0+0=0.

Sou+veW. v

Closure under scalar multiplication: For k € R,

2(kx1) + 3(ky1) — 4(kz1) = k(2x1 4+ 3y1 — 421) = k(0) = 0.

SokueW. v
All three conditions hold, so W is a subspace of R3. (]
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Example 3.16 — Past Paper 2021 Q1(vi)

Show that W = {(z,y,2) € R® : 2z + 3y — 4z = 2} is not a subspace of R3. ]

Solution: Check whether the zero vector belongs to W:
2(0) +3(0) —4(0) =0 # 2.

Since 0 = (0,0,0) ¢ W, the zero vector condition fails. Therefore W is not a subspace of R3.
O

Example 3.17 — Past Paper 2024 Q5(a)

Let W be the set of all matrices of the form

a 0 b
0 ¢ O
d 0 e

Show that W is a subspace of M3 3.

Solution: Zero vector: Taking a = b = ¢ = d = e = 0 gives the zero matrix, which has
the required form. So 0 e W. v

ar O bl a2 0 b2
Closure under addition: Let A= [0 ¢ 0| and B=|0 ¢y 0| bein W. Then
dl 0 e d2 0 e

a1 + a 0 b1 + ba
A+ B = 0 1+ co 0 )
di + da 0 e+ es

which has the same form (zero entries in the same fixed positions). So A+ B € W. v
Closure under scalar multiplication: For k£ € R,

ka1 0 kbl
kKA=10 ke 0 |,
kdl 0 k:61

which also has the same form. So kA e W. v
All three conditions hold, so W is a subspace of M3 3. O

Example 3.18 — Closure Fails Under Addition

Determine whether W = {(x,y) € R?: zy = 0} is a subspace of R2. ]

Solution: Zero vector: (0)(0) =0,s00=(0,0) e W. v
Closure under addition: Consider v = (1,0) and v = (0,1). Both satisfy xy = 0, so
u,v € W. However,
u+v=(1,1), (H)(1)=1#0.

So u+ v ¢ W, and closure under addition fails.
Since one condition of the subspace test fails, W is not a subspace of R?, even though the
zero vector belongs to it. O
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Properties of Subspaces

1. {0} is a subspace of every vector space V (zero subspace)

2. V is a subspace of itself (trivial subspace)

3. If W7 and W5 are subspaces of V', then W1 NWs is also a subspace of V' (intersection
property)

4. The union W7 U W5 is not necessarily a subspace of V' (union property)

Subspace Test — Exam Strategy:

1. Always check the zero vector first. If 0 ¢ W, stop immediately and conclude W is not
a subspace.

2. A defining equation set equal to a nonzero constant (e.g. = 2 instead of = 0) auto-
matically fails the zero vector test.

3. Watch for nonlinear conditions (e.g. zy = 0, 2 + y? = 1) or inequalities (e.g. x > 0)
— these usually violate closure under addition or scalar multiplication.

4. Combined test: W is a subspace iff 0 € W and, for all u,v € W and a,b € K,
au+bv e W.

Linear Spans and Row Space of a Matrix

Equation of a Linear Span

Equation of a Linear Span

Given vectors v1,v2,...,U, in K™, the subspace W = span(vy,...,v,) can often be
described by one or more linear equations in zy,...,z, that every vector of W must
satisfy. To find such an equation: set ajv; + ague + -+ + @y, = (1,...,%,), then
eliminate the scalars a; by row reduction. Any row that reduces to all zeros on the
left-hand side yields a linear equation relating z1, ..., z, — this is the required equation
of W.

Example 3.19 — Past Paper 2021 Q4

Find an equation of the subspace W of R3 spanned by {(1,—2,1), (-2,0,3), (3, -2, —2)}.

Solution: Set a(1,—-2,1)+b(—2,0,3)+¢(3, -2, -2) = (=, vy, 2), giving the coefficient matrix
(vectors as columns) augmented by (z,y, 2):

1 -2 3 |z
-2 0 -2|y
1 3 -2z

Ry < Ry + 2Ry, R3 < R3 — Ry:

1 -2 3 T
0 4 4 |y+2x
0 5 —-5|z—=z
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Rs < Rs + 2 Ry:
1 -2 3 x
0 —4 4 y+ 2z
0 0 0|z—a+2(y+22)

The last row must equal zero for consistency:
z—x—l—%y—i—%xzo == %x—i—gy—i—z:O.

Multiplying through by 4:
6z + 5y +4z=0

Verification: for (1,-2,1): 6(1) +5(—2) +4(1)=6—-10+4=0. v

W |62+ 5y +42 =0

Example 3.20 — Past Paper 2023 Q4

Find an equation of the subspace W of R? spanned by (1, —3,2) and (2,0, 3).

Solution: Set a(1,—3,2) + b(—2,0,3) = (z,y, 2):

1 2|
-3 0 |y
2 3 |z
Ry < Ry + 3Ry, R3 + R3 — 2Ry:
1 -2 T
0 —6|y+3x
0 7 |z—2z
Ry + Rs+ LRy
1 -2 T
0 -6 Y+ 3z

0 0 |z—2z+(y+3w)
Setting the last row to zero:
z—2m+%y+%x:O:> %x+%y+z=0.

Multiplying through by 6:
9z + 7y + 62 =0

W92+ Ty +62=0

Example 3.21 — Equation of a Span in R?

Find an equation of the subspace spanned by (1,1,0) and (0,1, 1). ]

Solution: Set a(1,1,0) + b(0,1,1) = (z,y, 2):

1
1
0

=)
[SEINSI
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RQ%RQ—Rlz
1 0 T
0 1|ly—=x
0 1 z
R3<—R3—R2:
1 T
0 y—x

0
1

0 0|z—(y—x)
0

Setting the last row to zero: z —y+z =
w:

Finding the Equation of a Linear Span:

1. Eliminate the scalars using row reduction; a row of zeros on the left produces the
required equation on the right.

2. In R3, a quick shortcut for two spanning vectors vy, vo is the cross product: the plane
through the origin with normal n = v; X v has equation nix + noy + nzz = 0.

3. If the number of independent spanning vectors equals the dimension of the ambient
space, the span is the entire space and no restricting equation exists.

Row Space of a Matrix

Row Space of a Matrix

Let A be an m x n matrix. The row space of A, denoted rowsp(A), is the subspace of
K™ spanned by the rows of A. If A and B are row equivalent (one is obtained from the
other by elementary row operations), then rowsp(A) = rowsp(B). The nonzero rows of
any echelon form of A form a basis for rowsp(A).

Example 3.22 — Basis for a Row Space

1 2 3
Find a basis for the row space of A= (2 4 6].
1 1 1

Solution: Row reduce A: Ry < Ry — 2Ry, R3 < R3 — Ry:

1 2 3
0 0 0
0 -1 -2

Interchange Ry and Rg3 to reach echelon form:

2 3
0 -1 -2
0 0 O

The nonzero rows form a basis for rowsp(A):

{(1,2,3), (0,—1,—-2)}|, dim(rowsp(A4)) = 2
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Example 3.23 — Basis for a Row Space of a Larger Matrix

Find a basis for the row space of A= |2 1 3 4].
1 1 0

Solution: Ry + Ry — 2R;:

[1 0 1 2]
0110
0 1 1 0]
R3 — R3 — Ro: ) ~
1 01 2
0110
10 0 0]
The nonzero rows form a basis:
{(1,0,1,2), (0,1,1,0)}  dim(rowsp(A)) = 2

2 1]
3 2|
Solution: Seek a, b such that a(1,2,1) +(2,3,2) = (4,1,5):
a+2b=4 (1)
2a+3b=1 (2)
a+2b=5 (3)

Equations (1) and (3) both equal a+2b, but they require a+2b = 4 and a+2b = 5 simultaneously
— a direct contradiction. Hence no such a, b exist.

v =(4,1,5) |does NOT belong to rowsp(A)

Linear Dependence and Independence

Linear Dependence and Independence

Vectors vy, vs,...,Uy in a vector space V are said to be linearly dependent if there
exist scalars aq,as,...,a,, not all zero, such that

a1v1 + agvs + -+ + AmUm = 0.

If the only solution is the trivial one, a1 = as = -+ = a,, = 0, then vq,...,v,, are called
linearly independent.

Example 3.25 — Testing for Linear Dependence

Determine whether u; = (1,1,2), us = (2, —1,1), ug = (4, 1, 5) are linearly dependent in
R3.
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Solution: Test whether ug is a linear combination of uq, us: set auq + bus = us:

a+2b=4
a—b=1
2a +b=5

From the second equation, a = 1 4 b. Substitute into the first: (14+b) +2b =4 = 3b =
3= b=1,s0a=2.

Verification (third equation): 2(2) + 1(1) =5. v/

Since ug = 2uq +uo, we have 2uq +u9 — uz = 0 with not all coefficients zero. Hence u1, usg, us
are linearly dependent. O

Example 3.26 — Past Paper 2024 Q4(b)

Determine whether the vectors in R* (1,3, —1,—4), (3,8, -5,7), (2,9,4,23) are linearly
independent or linearly dependent.

Solution: Set a(1,3,—1,—4) 4+ b(3,8,—5,7) + ¢(2,9,4,23) = 0:
a+3b+2c=0
3a+8b+9c=0
—a—>5b+4c=0
—4a+Tb+23c=0
From (1): a = —3b — 2¢. Substitute into (2):
3(—=3b—2¢)+8+9c=—-b+3c=0 = b=3c
Then a = —3(3¢) — 2¢ = —1lec.
Check (3): —(—11¢) — 5(3¢) +4c = 11c — 15¢ + 4¢ = 0. v (automatically satisfied)
Check (4): —4(—11c¢) + 7(3¢) + 23¢c = 44c + 21c + 23c = 88c.

Setting (4)=0: 8¢ =0 = ¢ =0, which forces b =0 and a = 0.
Since only the trivial solution exists, the vectors are linearly independent. U

Properties of Linear Dependence and Independence

1. Any set containing the zero vector is linearly dependent (zero-vector rule)

~—~ o~ —~
)
—_— O Y —

2. A single nonzero vector is always linearly independent (singleton rule)

3. Two vectors are linearly dependent if and only if one is a scalar multiple of the other
(pair test)

4. Every subset of a linearly independent set is linearly independent (hereditary
property)

5. Every superset of a linearly dependent set is linearly dependent (hereditary
property)

6. Any set of more than n vectors in K" is automatically linearly dependent (dimension
bound)

Example 3.27 — Past Paper 2021 Q5

Show that the vectors (1 — i, i) and (2, —1+1i) in C? are linearly dependent over C but
linearly independent over R.
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Solution: Over C: Look for a complex scalar k such that k(1 —4,7) = (2, —1 +¢). From
the first component:
k= 2': 2(1'-1—1). :2(1-1—1):1_}_1"
1—i  (1—4)(1+19) 2
Check the second component: (1+1i)(i) =i+’ =i —1=—1+1i.
Since (2, —1+14) = (1 +)(1 — i,1), the vectors are linearly dependent over C.
Over R: Now require a,b € R with a(1 —i,7) + b(2, —1 +14) = (0,0):

Component 1: a(l —4) +2b= (a+2b) —ai =0

Separating real and imaginary parts: a +2b =0 and —a = 0, so a = 0, which forces b = 0.
Since only the trivial real solution exists, the vectors are linearly independent over R.
O

Example 3.28 — Past Paper 2025 Q2(b)

Show that the set {1,4} in C is linearly independent over R but linearly dependent over
C.

Solution: Over C: The complex scalar k = i satisfies ¢ = k- 1. Since ¢ is a nonzero complex
multiple of 1, the set {1,i} is linearly dependent over C.

Over R: Suppose a(1l) + b(i) = 0 for real a,b. Then a + bi = 0. Since a,b are real, this
forces both the real part a = 0 and the imaginary part b = 0.

Since only the trivial solution exists over R, the set {1,i} is linearly independent over
R. O

Wronskian Test for Functions: For functions fi, ..., f, that are (n — 1)-times differen-
tiable, the Wronskian is

i for o I
f fo TR
W(flv'--afn)(:l"):det o g :
fl(ﬁ—n f2(7{—1) o fr(Lﬁ_n
If W(z) is not identically zero (nonzero for at least one z), then fi,..., f, are linearly

independent.

Example 3.29 — Past Paper 2024 Q1(v) & 2025 Q1(iv)

Use the Wronskian to show that f; = 1, fo = €%, f3 = €?* are linearly independent.

Solution:
'1 e e2z
W(z) =det |0 e 2¢2®
[0 e 42
Expanding along the first column:
(e 2e27
W(z)=1-det E 1620

=1- (e’C - 4e%T — 227 ex)
= 437 — 2¢3% = 237,

Since W () = 23 # 0 for every real x, by the Wronskian test f1, f2, f3 are linearly indepen-
dent. O
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Example 3.30 — Past Paper 2023 Q1(x)

Let V be the real vector space of functions defined on R. Check whether x and cos x are
linearly dependent or linearly independent.

Solution: Two functions are linearly dependent if and only if one is a scalar multiple of the
other for all z. Suppose z = k cos z for some constant k, for all x € R.

Atz =0: 0="Fkcos(0) =k(l) = k=0.

But if £ = 0, then = 0 would have to hold for all z, which is false (for example, at x = 1,

1#0).
Since no single constant k works for all x, the functions x and cos x are linearly indepen-
dent. (]

Quick Tests for Independence:
1. Two vectors: dependent iff one is a scalar multiple of the other.

2. n vectors in K™: form a matrix with the vectors as rows; independent iff the determi-
nant is nonzero (iff row reduction gives n nonzero rows).

3. Functions: use the Wronskian, or directly test whether one function is a constant
multiple of another for all x.

4. Vectors over C: always check dependence over C and over R separately — the answers
may differ.

Basis and Dimension

Basis and Dimension

A set S = {uy,ug,...,u,} of vectors in a vector space V is called a basis of V if:

1. S is linearly independent, and

2. S spans V.

Every finite-dimensional vector space has a basis, and every basis of V' contains the same
number of vectors. This number is called the dimension of V, denoted dim(V'). The
set {e1,ea,...,e,}, where e; has 1 in the i-th position and 0 elsewhere, is called the
standard basis of K", and dim(K"™) = n.

Example 3.31 — Past Paper 2021 Q1(viii)

Write the standard basis of R*.

Solution: The standard basis of R? consists of the four unit vectors:

e1 = (1,0,0,0), e = (0,1,0,0), es = (0,0,1,0), eq = (0,0,0,1).

{e1,e9,e3,e4}],  dim(R*) =4

Example 3.32 — Past Paper 2023 Q6 (First Part)

Show that {(1,0,1),(0,1,1),(0,0,1)} is a basis of R3. ]
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Solution: Since dim(R3) = 3 and we have exactly 3 vectors, it suffices to check linear
independence. Form the matrix with these vectors as rows and compute its determinant:

101
det [0 1 1| =1(1)(1)=1%£0
00 1

(the matrix is upper triangular, so the determinant is the product of the diagonal entries).
Since the determinant is nonzero, the vectors are linearly independent. As there are exactly

3 = dim(R?) independent vectors, they automatically span R? as well. Hence the set is a basis

of R3. O

Example 3.33 — A Set That Is Not a Basis

Determine whether S = {(1,2),(2,4)} is a basis of R. ]

Solution: Notice that (2,4) = 2(1,2), so the second vector is a scalar multiple of the first.
Hence S is linearly dependent.

Since a basis must first be linearly independent, .S fails this requirement. Therefore S is
not a basis of R? (geometrically, both vectors lie along the same line through the origin and
cannot span the plane). O

Example 3.34 — Past Paper 2025 Q3(a)

Determine whether (1,1,1,1), (1,2,3,2), (2,5,6,4), (2,6,6,5) form a basis of R*. If not,
find the dimension of the subspace they span.

Solution: Form the matrix with these vectors as rows and row reduce:

1111
2
4
5

NN -

2
5
6

SO W

R2 %RQ—Rl, R3<—R3—2R1, R4 (—R4—2R1:

o o o
W ==
I N O
W N = =

R3 < R3 — 3R2, Ry + R4 — 4Ry:

11 1 1
01 2 1
0 0 -2 -1
0 0 -4 —1]
R4 — R4 — 2R3: -~ ~
11 1 1
01 2 1
00 -2 -1
0 0 O 1

All four rows are nonzero, so the matrix has rank 4. Hence all four vectors are linearly inde-
pendent. Since 4 independent vectors in a 4-dimensional space automatically span it:

the set | IS a basis of R*
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Shortcuts for Determining a Basis:

1. If dim(V') = n is known, any n linearly independent vectors in V' automatically form a
basis — spanning need not be checked separately.

2. Equivalently, any n vectors that span an n-dimensional V automatically form a basis.

3. For vectors in K™: form a matrix with the vectors as rows and row reduce. n nonzero
rows (full rank) means the vectors form a basis.

Example 3.35 — Past Paper 2023 Q1(vii)

J

Find the dimension of the subspace W = {(x1, 72,23, 24) : 22 = 23} of R%.

Solution: The condition xo = x3 leaves x1, xo (with x5 = z9), and x4 free. Write a general
vector of W as:

,

(:1:1a tv t? l’4) = l’l(l, 07 07 O) + t(()? ]-7 17 0) + 1174(0, 07 07 1)

The set {(1,0,0,0),(0,1,1,0),(0,0,0,1)} spans W, and these three vectors are clearly linearly
independent (each has a nonzero entry in a position where the others are zero). Hence they

form a basis of W.
dim(W) =

Dimension Theorem for Subspaces

If U and W are finite-dimensional subspaces of a vector space V, then U + W is also
finite-dimensional and:

dim(U + W) = dim(U) + dim(W) — dim(U N W).

This result is known as Grassmann’s Formula.

J

Example 3.36 — Past Paper 2023 Q5

Suppose U and W are distinct four-dimensional subspaces of a vector space V' of dimen-
sion six. Find the possible dimension of U N W.

Solution: Since U + W is a subspace of V, we have dim(U + W) < dim(V') = 6.

Also, since U # W and both have dimension 4, U + W must be strictly larger than U
alone (otherwise W C U would force W = U, since both have the same dimension). Hence
dim(U + W) > 5.

Combining both bounds: dim(U + W) € {5, 6}.

By Grassmann’s Formula:

dim(UNW) =dim(U) + dim(W) — dim(U + W) = 8 — dim(U + W).

Case 1: If dim(U + W) =5, then dim(UNW) =8 -5 = 3.
Case 2: If dim(U + W) = 6, then dim(UNW) =8 — 6 = 2.

dim(U N W) €[ {2, 3}
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Application to Matrices and Rank of a Matrix

Rank of a Matrix

Let A be an m x n matrix. The rank of A, denoted rank(A), is the dimension of the
row space of A. Since the row space and column space of any matrix always have the
same dimension (row rank equals column rank), rank can equivalently be computed as
the number of nonzero rows in any echelon form of A.

Example 3.37 — Past Paper 2021 Q1(xiv)

3 0 2 2
Find the rank of A= | -6 42 24 54
21 —-21 0 -—15

Solution: Ry < Rs + 2Ry, R3 < R3 — TRy:

3 0 2 2
0 42 28 58
0 —-21 —-14 -29

Ry  R3 + 5 Ry:

3 0 2 2
0 42 28 58
0 0 0 O

There are 2 nonzero rows in the echelon form.

rank(A) =

Example 3.38 — Rank of a Matrix with Dependent Rows

1 -1 2
Find the rank of A= |2 —2 4]|.
3 1 0

Solution: Observe that Ry = 2Ry, so R; and Ry are already dependent. Ry < Rs — 2Ry,
R3 < R3 —3R;y:

1 -1 2

0 0 0

0 4 -6
Interchanging rows to reach echelon form:

1 -1 2

0 4 -6

0 0 0

There are 2 nonzero rows.

rank(A) =

Properties of Rank

1. rank(A) = rank(AT) (row rank equals column rank)

2. rank(A4) < min(m,n) for an m x n matrix A (rank bound)
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3. A square n x n matrix A is invertible if and only if rank(A) =n (invertibility
criterion)
4. rank(AB) < min(rank(A), rank(B)) (product rank bound)

5. Elementary row and column operations do not change the rank of a matrix (in-
variance property)

Example 3.39 — Past Paper 2023 Q2
I A— [1 1 2

1 2 3
Explain.

], find a matrix B such that AB = I,. Does this mean A is invertible?

Solution: We seek a 3 x 2 matrix B with AB = I5. Writing the columns of B as (b, ba, b3)T
per column and solving;:

First column of B: solve by1 + ba1 + 2b31 = 1 and by + 2b91 + 3b3; = 0. Choosing b3; =0
gives by = —1 and by = 2.

Second column of B: solve bys + bos + 2b3s = 0 and byo + 2byy + 3b3z = 1. Choosing
b32 =0 gives b22 =1 and b12 = —1.

Verification:

2 -1

Cfr1 o2 _[2-=140 —1+140] _[1 0] _
AB_L 2 3} _01 (1) _[2—2+0 —1+2+0]_[0 1]_12' v

Does this mean A is invertible? No. Invertibility is defined only for square matrices,
and requires a matrix B satisfying both AB = I and BA = I. Here A is 2 x 3 (not square), so
A cannot have a two-sided inverse. The matrix B found above is only a right inverse of A; in
fact BA # I3, since rank(BA) < rank(A) = 2 < 3, so BA cannot equal the 3 x 3 identity. O

Sums and Direct Sums

Sum and Direct Sum of Subspaces

Let U and W be subspaces of a vector space V. The sum of U and W is

U+W={ut+w:uel, we W},

which is itself a subspace of V. If every vector v € V can be written uniquely as
v=u+w withu € U, w € W, then V is called the direct sum of U and W, written
V =U & W. This holds if and only if:

V=U+W and Unw = {0}.

Example 3.40 — Verifying a Direct Sum Decomposition

Let U = {(a,b,0) : a,b € R} (the zy-plane) and W = {(0,0,¢) : ¢ € R} (the z-axis) be
subspaces of R3. Show that R = U @ W.
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Solution: Spanning: Any (z,y,2) € R? can be written as
(2,y,2) = (2,9,0) + (0,0, 2),

with (z,4,0) € U and (0,0,2) € W. So R = U + W.

Trivial intersection: If (a,b,0) = (0,0, ¢), then comparing components gives a = 0, b = 0,
¢c=0.SoUNW ={(0,0,0)}.

Since R3 =U +W and UNW = {0}:

R'=[Ue W]

Example 3.41 — Confirming a Direct Sum via Dimension

Let U = span{(1,1,0),(0,1,1)} and W = span{(1,0,0)} in R3. Determine whether
RE=UeoW.

Solution: dim(U) = 2 (the two vectors are independent, not proportional) and dim(W) = 1,
so dim(U) + dim(W) = 3 = dim(R3).

Check UNW: A vector in W has the form (¢,0,0). For this to liein U: (¢,0,0) = a(1,1,0)+
b(0,1,1) = (a,a + b,b). Comparing components: a =¢, b =0, and a+b=0 = a = 0. Then
t=a=0. SoUNW = {(0,0,0)}.

By the Dimension Theorem, dim(U + W) = dim(U) + dim(W) —dim(UNW) =24+1-0=
3 = dim(R?), so U + W = R3.

Since R =U +W and U NW = {0}:

RE=|UaW

Example 3.42 — A Sum That Is Not Direct

Let U = span{(1,0,0),(0,1,0)} (the zy-plane) and W = span{(1,1,0),(0,0,1)} in R3.
Show that R¥=U + W but R3 AU @& W.

Solution: Spanning: Since (1,0,0),(0,1,0) € U and (0,0,1) € W, the combined set spans
all f R3, so R3=U + W.

Intersection is nontrivial: The vector (1,1,0) is a basis vector of W, so (1,1,0) € W.
Also, (1,1,0) has z-component 0, so (1,1,0) € U (the zy-plane). Hence (1,1,0) € U N W, and
this vector is nonzero.

Since U N W # {0}, the sum is not direct. For instance, the vector (1,1,0) can be
decomposed as (1,1,0) + (0,0,0) or as (0,0,0) + (1,1,0) — two different decompositions with
parts in U and W, violating uniqueness.

RE=U+W, but R £[UaW]

(]
Properties of Direct Sums
1. V=Ug@Wifand only if V=U+ W and UNW = {0} (defining criterion)
2. UV =U@a&W, then dim(V) = dim(U) + dim(W) (dimension additivity)

3. f V=U®&W, every v € V has a unique representation v = u + w with u € U,
weW (uniqueness property)
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Coordinates

Coordinate Vector

Let S = {uj,ug,...,u,} be a basis of a vector space V. Every vector v € V can be
written uniquely as

V= a1u + agug + -+ + Aply.

The scalars (ai,ag,...,a,) are called the coordinates of v relative to the basis S, and
the vector [v]s = (a1,a2,...,ay,) is called the coordinate vector of v relative to S.

Example 3.43 — Past Paper 2024 Q1(iv)

Let S = {u=(1,2,1), v =(2,9,0), w = (3,3,4)} be a basis for R?. Find the vector in
R? whose coordinate vector relative to S is (—1,3,2).

Solution: The required vector is the linear combination:

—lu+3v+2w = —1(1,2,1) + 3(2,9,0) + 2(3,3,4)
(—1,-2,—1) + (6,27,0) + (6,6,8)
(~146+6, —2+27+6, —1+0+28)
= (11, 31, 7).

(11, 31, 7)

Example 3.44 — Finding a Coordinate Vector

Let S = {(1,1),(1,—1)} be a basis of R%. Find the coordinate vector of v = (5, 1) relative
to S.

Solution: Write v = a(1,1) + b(1, —1):

a+b=>5
a—b=1

Adding the equations: 2a =6 = a=3,s0b=5—-3=2.
Verification: 3(1,1) +2(1,-1) = (3,3) + (2,—2) = (5,1). v

[vls =] (3,2)

Example 3.45 — Coordinates in a Polynomial Space

Let S = {1,t,#*} be the standard basis of P»(t). Find the coordinate vector of p(t) =
3 — 2t + 5t2 relative to S.

Solution: The polynomial is already expressed as a linear combination of the basis elements:
p(t) = 3(1) + (=2)(t) + 5(£*).

Reading off the coefficients in order:

[pls =|(3, =2, 5)
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Coordinates — Key Facts:

1. The coordinate vector [v]s depends on both the choice of basis S and the order in
which its vectors are listed.

2. Relative to the standard basis of K", the coordinate vector of v is simply v itself.

3. Finding [v]g always reduces to solving the linear system v = ajuj + - - - + a,u, for the
scalars a;.

4. Given [v]g, recovering v is a direct computation: form the linear combination aju; +
ot ApUp.
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Practice Problems

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

.LetA:[

Let V = R? with the usual addition, but with scalar multiplication defined by k(a,b) =
(k2a, k2b). Show that V is not a vector space by identifying a violated axiom.

2 -1
3 0

1 4

]andB:[_2 5

} in My q. Verify that 3(A + B) = 3A + 3B using these

matrices.
In P3(t), let p(t) = 2> —t + 4 and q(t) = —t3 + 3t*> + 1. Compute 2p(t) — 3q(t).

In C3, let u=(2—1i, 1, 3i) and v = (i, —1 +1i, 2). Find 3u — (1 +i)v.

. Determine whether v = (2, —5,3) can be written as a linear combination of u; = (1, -3, 2)

and ug = (2, —4,—1) in R3.

Find the value of k such that (2, %, —3) is a linear combination of (1,2,—1) and (3,1,4) in
R3.

Determine whether S = {(1,1,1),(2,1,0),(3,2,1)} spans R3.
Show that {1,t,¢2,¢3} spans P3(t), and determine whether {1,#2} also spans Ps(t).
Determine whether W = {(x,y, z) € R? : 2% + y? = 2} is a subspace of R3.

Let W be the set of all 2 x 2 symmetric matrices (i.e. A= AT). Show that W is a subspace
of MQ’Q.

Determine whether W = {(z,9,2) € R3 : 2 —2y+ 2z =0 and z +y — z = 3} is a subspace
of R3.

Find an equation of the subspace of R? spanned by {(2,—1,3), (1,0, —2), (4,—1,—1)}.

[

1
Find a basis for the row space of A =

O = N
_ O
— = W

-3

Determine whether u; = (1,0,—1,2), us = (2,1,0,—1), us = (0,—1,—2,5) are linearly
dependent or independent in R%.

Show that f; = €%, fy = xe®, f3 = x%e® are linearly independent using the Wronskian.

Determine whether the vectors (1,2,3,4), (2,3,4,5), (3,4,5,6), (4,5,6,8) in R* are linearly
dependent or independent.

Show that {1—4, 244} in C is linearly dependent over C but linearly independent over R.
Determine whether {(1,0,2),(0,1,—1),(2,1,3)} is a basis of R3,

Find the dimension of the subspace W = {(z1, 72, 73,24, 75) € R’ : 1 = 23 and 29 + 14 =
0} of R5.
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20.

21.

22.

23.

24.

25.

If U and W are subspaces of R with dim(U) = 3, dim(W) = 4, and dim(U NW) = 2, find
dim(U + W).

Suppose U and W are distinct three-dimensional subspaces of a vector space V' of dimension
five. Find the possible dimensions of U N W.

-1 3

1 2
Find therankof A= |2 4 1 =2].
3 6 3 -7

For what value of k£ does the matrix 4 =

_— N =

2 3
4 6| have rank 2 instead of rank 17
k 3

Let U = {(a,b,c) €R®:a+b+c=0} and W = span{(1,1,1)}. Show that R* = U & W.

Let S = {(1,2,3),(0,1,2),(0,0,1)} be a basis of R3. Find the coordinate vector of v =
(6,7,4) relative to S.
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Linear Mappings

Mappings and Functions

Mapping

Let A and B be nonempty sets. A mapping (or function) F' : A — B is a rule that
assigns to each element a € A a unique element F(a) € B. The set A is called the
domain of F, and B is called the codomain. For a € A, the element F(a) € B is
called the image of a, and a is called a preimage of F(a). The set of all images,
{F(a) :a € A} C B, is called the range of F.

Example 4.1 — Identifying Domain Codomain and Range .

Let F : R — R be defined by F(z) = 2. Identify the domain, codomain, and range of
F.

Solution: The domain is R (all real inputs are allowed), and the codomain is R (as stated
in the definition of F').

Since 22 > 0 for every real x, and every nonnegative real number y has a preimage (z = V),
the range consists of all nonnegative reals:

Domain = , Codomain = , Range =1 [0, o)

Example 4.2 — A Mapping Between Vector Spaces

Let F : R?2 — R3 be defined by F(z,y) = (x +y, z —y, 2x). Find F(3,1). ]

Solution: Substitute x = 3, y = 1 into each component:
r+y=3+1=4
r—y=3—1=2

20 =2(3) =6

F(3,1)=|(4, 2, 6)

Example 4.3 — Checking Whether a Rule Is a Mapping

1
Determine whether F' : R? — R defined by F(z,y) = o is a mapping on all of R2.
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Solution: For F to be a mapping on the full domain R?, every element (z,y) € R? must
produce a unique well-defined output.

1 1
Consider (z,y) = (2,2). Then F(2,2) = 3-3= 0 which is undefined.
Since not every element of R? has a defined image, F is not a mapping on all of R?; its
actual domain is restricted to {(x,y) : v # y}. O

Types of Mappings:

1. Injective (one-to-one): F'(a;) = F(a2) = a1 = az — distinct inputs give distinct
outputs.

2. Surjective (onto): every b € B has at least one preimage — the range equals the
codomain.

3. Bijective: both injective and surjective — every element of B has exactly one preim-
age.

4. Composition: if F: A - B and G : B — C, the composition Go F' : A — C is
defined by (G o F)(a) = G(F(a)).

Linear Mappings

Linear Mapping (Linear Transformation)

Let V and U be vector spaces over the same field K. A mapping F' : V — U is called a
linear mapping (or linear transformation) if it satisfies the following two conditions
for all v1,vo € V and all k € K:

1. F(v1 +v2) = F(v1) + F(v2) (additivity)
2. F(kvi) = kF(v1) (homogeneity)
Equivalently, F' is linear if and only if for all v1,v9 € V and a,b € K:
F(avy 4 bvg) = aF(v1) + bF (v3).
Every linear mapping satisfies F'(0) = 0.

Example 4.4 — Verifying a Linear Mapping

Show that F : R? — R? defined by F(x,y,2) = (22 —y, y + 32) is a linear mapping.

J

Solution: Let uw = (x1,%1,21) and v = (22,y2,22) be arbitrary vectors in R3, and let
a,beR.
Compute F(au + bv):
au + bv = (axy + bxa, ay; + bya, az + bzs)
F(au + bv) (2 (azq1 + bxa) — (ay1 + by2), (ay1 + by2) + 3(az + bzg))
= (a(2z1 — y1) + b(2z2 — y2), a(yr + 321) + b(y2 + 322)).
(v

Compute aF(u) + bF (v):

F(u) +bF(v) = a(221 — y1, y1 +321) +b(2x2 — y2, y2 + 322)
= (a(2z1 — y1) + b(2z2 — y2), a(y1 + 321) + b(y2 + 322)).
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Since F(au+ bv) = aF(u) 4+ bF(v) for arbitrary u,v, a,b, F' is a linear mapping. O

Example 4.5 — A Mapping That Is Not Linear

Show that F : R? — R? defined by F(x,y) = (22, y) is not a linear mapping. ]

Solution: It suffices to find one instance where homogeneity or additivity fails. Test ho-
mogeneity with £k =2 and v = (1, 1):

F(kv) = F(2,2) = (2%, 2) = (4,2).

kF(v) =2F(1,1) = 2(12, 1) = 2(1,1) = (2,2).

Since F(kv) = (4,2) # (2,2) = kF(v), the homogeneity condition fails.
Therefore F' is not a linear mapping. U

Example 4.6 — The Zero Mapping and Identity Mapping

Show that the zero mapping F' : V — U defined by F(v) = 0 for all v € V, and the
identity mapping I : V' — V defined by I(v) = v, are both linear mappings.

Solution: Zero mapping: For any vi,v2 € V and a,b € K:
F(avy + bva) =0 =a(0) + b(0) = aF(v1) + bF (v2).

So F is linear.
Identity mapping: For any v1,v9 € V and a,b € K:

I(avy + bvg) = avy + bvg = al(vy) + bI(v2).

So I is linear. O

Example 4.7 — Linear Mapping Defined by a Matrix

1 2
Let A = |0 —1|, and define F : R? — R3 by F(v) = Av (treating v as a column
3 1
vector). Find F'(2,—3) and confirm F is linear.
Solution:
127, 1(2) + 2(—3) —4
F(2,-3)=10 -1 [_3] =(02)+(-1)(-3)| =| 3
3 1 3(2) + 1(—3) 3

F(2,-3) =|(—4, 3, 3)

To confirm linearity: for any vectors u,v € R? and scalars a, b, matrix multiplication satisfies
A(au+bv) = aAu-+bAv by the distributive and associative properties of matrix algebra. Hence
F(au 4+ bv) = aF(u) + bF(v), confirming F' is linear. In fact, every mapping of the form
F(v) = Av for a fixed matrix A is automatically linear. O

Properties of Linear Mappings

1. F(0) =0 for every linear mapping F’ (zero preservation,)

2. F(—v)=—F(v) forallveV (negative preservation)
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3. If ;G :V — U are linear, then F' + G and kF are also linear (closure under
operations)

4. If F:V - Uand G:U — W are linear, then GoF' : V. — W is linear (composition)

5. Fis completely determined by its action on a basis: if F'(u1),..., F(uy) are known
for a basis {u1,...,u,} of V, then F(v) is known for every v € V' (basis
determination)

Example 4.8 — Determining F from Its Action on a Basis

Let F: R? — R? be linear with F(1,0) = (2,3) and F(0,1) = (—1,4). Find F(5,—2).

Solution: Write (5, —2) in terms of the standard basis:
(5,—2) =5(1,0) + (=2)(0,1).
By linearity:
F(5,-2) =5F(1,0) 4+ (—2)F(0,1)
=5(2,3) +(—-2)(—1,4)
= (10,15) + (2,-8)
= (12, 7).

F(5,-2) =[(12, 7)

Testing Whether a Mapping Is Linear — Exam Strategy:

1. Every component of F(x1,...,z,) must be a linear expression in 1, . .., , (no squares,
products of variables, constants added, or other nonlinear terms).

2. A quick necessary check: if F'(0) # 0, then F is immediately not linear.
3. Any mapping of the form F'(v) = Av for a fixed matrix A is automatically linear.

4. To disprove linearity, one specific counterexample (failing additivity or homogeneity)
is sufficient.

Kernel and Image of a Linear Mapping

Kernel and Image

Let F : V — U be a linear mapping. The kernel of F', denoted ker(F'), is the set of all
vectors in V' that map to the zero vector of U:

ker(F) = {v eV : F(v) = 0}.

The image of F', denoted Im(F'), is the set of all vectors in U that are images of some
vector in V:

Im(F)={F(v):veV}.

Both ker(F') and Im(F') are subspaces — ker(F') is a subspace of V, and Im(F) is a
subspace of U. The dimension of ker(F') is called the nullity of F, and the dimension
of Im(F) is called the rank of F.
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Example 4.9 — Finding the Kernel of a Linear Mapping

Let F : R? — R? be defined by F(z,y,2) = (x +y+ 2, 2 —y — z). Find ker(F). ]
Solution: We need all (z,y, z) such that F(z,y, z) = (0,0):

r+y+z=0

z—y—2=0

Adding the two equations: 2z = 0 = =z = 0. Substituting into the first equation: y + z =
0 = y=—=2.
So every vector in ker(F') has the form (0, —z, z) = 2(0,—1,1) for z € R.

ker(F') =|span{(0,—1,1)}|, nullity(F) =1

Example 4.10 — Finding the Image of a Linear Mapping

Let F : R3 — R3 be defined by F(z,y,2) = (x + vy, y+ 2, £+ 2y + 2). Find Im(F). ]

Solution: Write F(z,y, z) as a linear combination of vectors formed from the coefficients
of x, y, z
F(z,y,2) =x(1,0,1) + y(1,1,2) + 2(0,1,1).

So Im(F') = span{(1,0,1),(1,1,2),(0,1,1)}. Check for dependence: is (1,1,2) = a(1,0,1) +
b(0,1,1)?

a=1
b=1
at+b=1+1=2 V

(1,0,1) 4+ (0,1, 1), the third spanning vector is redundant. A basis for Im(F') is

Since (1, =
, 1)}, which are independent (not proportional).

1,2)
{(1,0,1),(0,1

Im(F') =|span{(1,0,1),(0,1,1)}|, rank(F) = 2

Example 4.11 — Verifying the Kernel Is a Subspace

Let F: V — U be a linear mapping. Prove that ker(F') is a subspace of V. ]

Solution: Zero vector: Since F is linear, F'(0) =0, so 0 € ker(F). v/
Closure under addition: Let vy, v2 € ker(F), so F(v1) =0 and F(v2) = 0. Then

F(v1+1)2)=F(01)+F(U2)=O+0=0,

so vy + vy € ker(F). v
Closure under scalar multiplication: Let v € ker(F') and k € K. Then

F(kv) = kF(v) = k(0) = 0,

so kv € ker(F'). v
All three subspace conditions hold, so ker(F') is a subspace of V. O
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Rank-Nullity Theorem

Let F: V — U be a linear mapping, where V is finite-dimensional. Then:

dim(V) = dim(ker(F)) + dim(Im(F)),

that is,
dim (V') = nullity(F') + rank(F).

Example 4.12 — Applying the Rank-Nullity Theorem

Let F': R* — R3 be a linear mapping with dim(ker(F)) = 2. Find rank(F).

Solution: By the Rank-Nullity Theorem:
dim(R*) = nullity(F) + rank(F).

4 =2+ rank(F) = rank(F) = 2.

rank(F') =

Example 4.13 — Kernel and Rank-Nullity Verification

Let F : R? — R? be defined by F(z,y,2) = (2 —y+2, z+y— 2). Find ker(F), Im(F),
and verify the Rank-Nullity Theorem.

Solution: Kernel: solve 2x — y + z = 0 and = + y — z = 0 simultaneously. Adding: 3z =
0 = z =0. Then from the second equation, y = z. So ker(F) = {(0, 2, 2)} = span{(0,1,1)},
giving nullity(F') = 1.
Image: write
F(z,y,z) =2(2,1) + y(—1,1) + 2(1, -1).

Since (1, —1) = —1(—1, 1), the third vector is redundant. Also (2,1) and (—1, 1) are independent
(not proportional). So Im(F) = span{(2,1),(—1,1)}. Since these two vectors are independent
in R2, they span all of R?, giving rank(F) = 2.
Verification:
nullity(F) + rank(F) = 1 + 2 = 3 = dim(R3). v

Singular and Nonsingular Linear Mappings

Nonsingular Linear Mapping and Isomorphism

A linear mapping F' : V' — U is called nonsingular if ker(F) = {0}; otherwise, F is
called singular. A nonsingular linear mapping is always injective (one-to-one).

If F:V — U is linear, bijective (both injective and surjective), then F' is called an
isomorphism, and V and U are said to be isomorphic, written V = U. Two finite-
dimensional vector spaces over the same field are isomorphic if and only if they have the

same dimension.

Example 4.14 — Testing for Nonsingularity

Determine whether F' : R? — R3 defined by F(z,y,2) = (x + vy, y +2,  + 2) is
nonsingular.
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Solution: Find ker(F') by solving F'(z,y,z) = (0,0,0):

r+y=0 (1)
y+z2=0 (2)
r+2z=0 (3)

From (1): y = —z. From (2): 2= -y =2. Check 3): 2 +z2=2+2=2x=0 = 2z =0.
Then y =0, z =0.
Since the only solution is (0,0,0), ker(F) = {0}. Hence F' is nonsingular. O

Example 4.15 — Testing for Singularity

Determine whether F' : R? — R? defined by F(z,y,2) = (z +y + 2, 2z + 2y + 22) is
singular or nonsingular.

Solution: Find ker(F'): solve x +y + z = 0 and 2z + 2y + 2z = 0. The second equation is
exactly twice the first, so they represent the same condition: = +y + z = 0.

This single equation has infinitely many solutions, e.g. (1,—1,0) # (0,0, 0) satisfies F/(1,—1,0) =
(0,0).

Since ker(F') # {0}, F is singular. O

Example 4.16 — Verifying an Isomorphism

Let F': R? — Pi(t) be defined by F(a,b) = a + bt. Show that F is an isomorphism.

Solution: Linearity: for (a,b1), (az,b2) € R? and scalars c1, co:

F(ci(a1,b1) + caag, ba)) = F(cia1 + c2a2, c1by + c2b2)
= (c1a1 + c2a2) + (c1b1 + c2bo)t
= c1(ay + bit) + ca(ag + bat)
=c1F(a1,b1) + caF(ag, ba).

So F'is linear.

Nonsingular (injective): if F'(a,b) = 0, then a + bt = 0, which forces a = 0 and b = 0
(a polynomial is zero only when all coefficients are zero). So ker(F) = {(0,0)}, and F is
nonsingular, hence injective.

Surjective: every polynomial p(t) = a + bt € Py(t) is the image of (a,b) € R2?, since
F(a,b) = a+ bt = p(t).

Since F is linear, injective, and surjective, F' is an isomorphism, so R? = P;(t). This
agrees with the fact that dim(R?) = 2 = dim(Py(t)). O
Properties of Nonsingular Mappings and Isomorphisms

1. F is nonsingular if and only if F' is injective (injectivity criterion)

2. If dim(V) = dim(U), then F' : V' — U is nonsingular if and only if F' is an isomor-
phism (equal-dimension
shortcut)

3. If F: V — U is nonsingular and {v1,...,v,} is linearly independent in V', then
{F(v1),...,F(v,)} is linearly independent in U (independence preservation)

4. Every n-dimensional vector space over K is isomorphic to K™ (coordinate
isomorphism,)
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5. The inverse of an isomorphism F : V — U is also an isomorphism F~! : U — V
(inverse property)

Kernel Rank-Nullity — Exam Strategy:
1. To find ker(F): set F(v) = 0 and solve the resulting homogeneous system.

2. To find Im(F'): write F(v) as a linear combination of vectors formed from the coeffi-
cients, then reduce the spanning set to a basis.

3. Use dim(V') = nullity(F') + rank(F') to check work or shortcut a computation once one
of the two dimensions is known.

4. F nonsingular <= ker(F) = {0} <= F injective <= nullity(F) = 0.

Operations with Linear Mappings

Operations on Linear Mappings

Let F,G : V — U be linear mappings and k a scalar. The sum F + G and scalar
multiple kF are the mappings V — U defined by:

(F+ G)(v) = F(v) + G(v), (kF)(v) = kF(v) forallveV.

If F:V —-Uand G : U — W are linear, the composition Go F' : V — W is defined
by
(GoF)(v) =G(F(v)) forallvelV.

The set of all linear mappings from V' to U, denoted Hom(V, U), is itself a vector space
under the sum and scalar multiple defined above.

Example 4.17 — Sum and Scalar Multiple of Linear Mappings

Let F,G : R? — R? be defined by F(z,y) = (z +y, z) and G(x,y) = (2z, y — z). Find
(F + G)(z,y) and (3F)(z,y).

Solution:

=(z+y+2z, x+y—z)=Br+y, y).

(BF)(xz,y) = 3(x +vy, x) = (3 + 3y, 3z)
(F+G)(z,y)=|Bz+y, y)|,  (BF)(x,y)=|Bz+3y, 32)

Example 4.18 — Composition of Linear Mappings

Let F,G : R? — R? be defined by F(z,y) = (z+v, z —y) and G(z,y) = (2z, 3y). Find
(G o F)(z,y).

Solution:

(GoF)(z,y) = G(F(z,y)) =Gl +y, x —y).
Substitute into G, replacing its first argument by x + y and its second by = — y:

Glz+y, z—y)=(2(z+y), 3(z—y)) = (2z+ 2y, 3z — 3y).
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(Go F)(z,y) =|(2x + 2y, 3z — 3y)

Example 4.19 — Proving F+G Is Linear

Let F,G : V — U be linear mappings. Prove that F'+ G is also a linear mapping. ]

Solution: Let vi,v3 € V and a,b € K. By definition of F' + G and the linearity of F' and
G separately:
(F + G)(av1 4 bvg) = F(avy + bva) + G(avy + bug)
= (aF(v1) + bF (v2)) + (aG(v1) + bG(v2))
=a(F(v1) + G(v1)) + b(F(v2) + G(v2))
=a(F 4 G)(v1) + b(F + G)(v2).
Since (F' 4+ G)(avi + bvg) = a(F 4+ G)(v1) + b(F + G)(ve) for arbitrary vy, va, a, b, the mapping

F + G is linear. O
Properties of the Space of Linear Mappings
1. Hom(V,U) is a vector space under + and scalar multiplication (vector space
structure)

2. If dim(V) = m and dim(U) = n, then dim(Hom(V,U)) = mn (dimension formula)

Composition distributes over addition: Go(Fj+ Fy) = Go Fy+Go Fy (distributivity)

-

Composition is associative: (Ho G)oF =H o (GoF) (associativity)

5. Composition is generally not commutative: G o F' # F o G in general (non-
commutativity)

Algebra A(V) of Linear Operators

Linear Operator and the Algebra A (V)

A linear mapping F' : V — V (same domain and codomain) is called a linear operator
on V. The set of all linear operators on V', denoted A(V), forms an algebra: it is a
vector space under + and scalar multiplication, and it is also closed under composition,
which plays the role of multiplication. For F,G € A(V), the product F'G means F o G.
Powers are defined by F2 = FoF, F" = FoFo---0 F (n times), and F° = I (the
identity operator). For a polynomial p(t) = ag + a1t + - - - + a,t™, the operator

p(F):a01+a1F+a2F2+...+anFn

is called a polynomial in the operator F'. An operator F is invertible if there exists
G € A(V) with FG = GF = I; this G is denoted F~1.

Example 4.20 — Computing Powers of a Linear Operator

Let F : R* — R? be defined by F(z,y) = (y, —z). Find F?(z,y) and identify the
operator F2.

Solution:

F2($,y) = F(F(xay)) = F(y7 —LL’)
= (—.’E, _y) = _l(xvy)'
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Since F?(x,y) = —(z,y) for every (w,y), the operator F? is simply —1 times the identity

operator:

Example 4.21 — Testing Invertibility of an Operator

Let F : R? — R? be defined by F(z,y) = (x +y,  — y). Show that F is invertible and
find F~1.

Solution: Nonsingularity: solve z+y = 0 and x—y = 0. Adding gives2x =0 — x =0,
and then y = 0. So ker(F) = {0}, hence F is nonsingular. Since F maps R? to R? (same
dimension), F' is invertible.

Finding F~': let u =  + y and v = v — y. Adding these: u + v = 2z — xzu;_v.
Subtracting: v —v =2y — y:u;v
F I(U,U): U—‘—’U’ u—v
2 2

Example 4.22 — Evaluating a Polynomial in an Operator

Let F': R? — R? be defined by F(z,y) = (y, x) (coordinate swap), and let p(t) = ¢> — 1.
Compute p(F).

Solution: First compute F?:

FQ(x7y) - F(F(.%y)) = F(y7$) = (iL‘,y).

So F? = I, the identity operator.
Now evaluate p(F) = F? — I:

Since p(F) sends every vector to (0,0), p(F) is the zero operator:

p(F) =[0]

This shows F is a “zero” of the polynomial p(t) = t> — 1, in the same sense that a matrix can
be a zero of a polynomial. O

Properties of the Algebra A(V)

1. A(V) is closed under +, scalar multiplication, and composition (closure)

2. The identity operator I satisfies F'[ = [F = F for all F € A(V) (multiplicative
identity)

3. F € A(V) is invertible if and only if F' is nonsingular (equivalently, bijective) (in-
vertibility criterion)

4. Composition in A(V') is associative but generally not commutative: F'G # GF in
general (non-commutativity)

5. If F is invertible, then (F~1)~! = F and (FG)™' = G"YF~!  (inverse properties)
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Matrices and Linear Mappings

Matrix Representation of a Linear Mapping

Let F': V — U be a linear mapping, and let S = {vy,...,v,} and T = {uq,...,up} be
bases of V' and U respectively. For each v;, express F(v;) as a linear combination of the
basis T":

F(v;) = a1ju1 + agjug + - - - + Gmjim.

The m x n matrix A = [a;;], whose j-th column is the coordinate vector [F(v;)]r, is
called the matrix representation of F' relative to the bases S and T, denoted [F]s 1
(or simply [F]s when V = U and S = T'). This matrix satisfies the key property:

[F(v)lr = [Fls,r [v]s for every v € V.

Example 4.23 — Matrix Representation Relative to Standard Bases

Let F : R3 — R? be defined by F(x,y,2) = (2 —y + 2z,  + 3y — 2). Find the matrix
representation of F' relative to the standard bases.

Solution: Apply F to each standard basis vector of R>:

F(1,0,0) = (2,1)
F(0,1,0) = (~1,3)
F(0,0,1) = (1,-1)

Using these images as the columns of the matrix:

Example 4.24 — Matrix Representation Relative to a Nonstandard Basis

Let F : R? — R? be defined by F(z,y) = (r +vy, © —y). Find the matrix representation
of F relative to the basis S = {(1,1), (1, —1)}.

Solution: Image of (1,1): F(1,1)=(1+1, 1—1) = (2,0). Express (2,0) in terms of S:
a(l,1) +b(1,—-1) = (2,0) givesa+b=2,a—b=0,s0 a=1, b=1. Coordinate vector: (1,1).

Image of (1,—1): F(1,—1) = (1—1, 1+1) = (0,2). Express (0,2) in terms of S: a+b =0,
a—b=2s0a=1,b=—1. Coordinate vector: (1,—1).

Using these coordinate vectors as columns:

Example 4.25 — Using the Matrix Representation to Compute F(v)

Using the mapping and basis S from Example 4.24, let v = (3,—1) with coordinate
vector [v]s = (1,2). Verify that [F(v)]s = [F]s [v]s.

Solution: Direct computation: F(3,—1) = (3+(—1), 3—(—1)) = (2,4). Express (2,4)
interms of S: a+b=2,a—b=4,s0a=3,b=—1. Thus [F(v)]s = (3,—1).
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Matrix computation:

mstes= |1 4] B = Sl =[]

Both methods give (3, —1), confirming [F'(v)]s = [F|s [v]s. v O

Matrix Representation — Key Facts:

1. Relative to the standard basis, the matrix representation of F'(v) = Av is simply A
itself.

2. The columns of [F|gr are the coordinate vectors (with respect to T') of F' applied to
each vector of S, in order.

3. Composition corresponds to matrix multiplication: [G o F|g = [G]s[F]s.

4. F is invertible if and only if [F]g is an invertible matrix, and then [F~!]g = ([F]s)~ .
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Practice Problems

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

. Let H : R — R be defined by H(z) =

Let G : R3 — R? be defined by G(z,y,2) = (2v — z, y + 3z). Determine whether G is
injective, surjective, both, or neither.

5 . Determine the largest possible domain of H
x

as a subset of R.

Let F,G : R?> — R? be defined by F(x,y) = (x + 2y, 3z —y) and G(z,y) = (y, = +v).
Find (G o F)(1,-2) and (F o G)(1,—2), and comment on whether Go F = F o G.

. Determine whether F': R® — R? defined by F(z,vy,2) = (x+2y—z, 3) is a linear mapping.

. Determine whether F' : M35 — R defined by F(A) = det(A) is a linear mapping.

Let F : R3 — R3 be linear with F'(1,0,0) = (2,1, 1), F(0,1,0) = (0,3,1), and F(0,0,1) =
(1,—1,2). Find F(2,-1,3).

Let F : R? — R3 be defined by F(x,y,2) = (x —vy, y — 2, z— ). Find ker(F) and Im(F),
and verify the Rank-Nullity Theorem.

Let F': R* — R3 be defined by F(x1, 2,23, 14) = (v1+ 2, 22 +3, 23-+14). Find a basis
for ker(F).

Let F': R? — R? be a linear mapping with rank(F) = 2. Find dim(ker(F)).

Let F : Py(t) — Pi(t) be defined by F(ag + ait + ast?) = a1 + 2ast. Find ker(F) and
Im(F).

Determine whether F : R? — R3 defined by F(x,y,2) = (z +y, y +2, * +2y+ 2) is
singular or nonsingular.

Determine whether F': R? — R? defined by F(z,y) = (3 —y, =+ 2y) is an isomorphism.
If so find F~ 1.

Show that M, o is isomorphic to R* by exhibiting an explicit isomorphism.

Let F,G : R?® — R? be defined by F(z,y,2) = (x — 2, 2y) and G(z,y,2) = (x +y, z —y).
Find (2F — 3G)(x,y, 2).

Let F: R? - R3 and G : R? — R? be defined by F(x,y) = (z, z + v, y) and G(x,y,2) =
(r— 2z, y). Find (G o F)(z,y) and determine whether G o F is the identity mapping on R2.

Prove that if F': V — U is a linear mapping and k is a scalar, then kF is also a linear
mapping.

Let F': R® — R3 be defined by F(z,y,2) = (2, z, y). Find F? and F3, and determine
whether F' is invertible.

Let F : R? — R? be defined by F(x,y) = (2z, 3y). Show that F is invertible and find F~1.
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19.

20.

21.

22.

23.

24.

25.

Let F': R? — R? be defined by F(x,y) = (—z, y). Show that F is a zero of the polynomial
p(t) = t2 — 1 by computing p(F) = F? —I.

Let F,G be linear operators on R? defined by F(x,y) = (y,0) and G(x,y) = (0,z). Com-
pute F'G and GF, and determine whether F'G = GF'.

Find the matrix representation of F' : R® — R? defined by F(z,y,2) = (32 —y+2z, x+42)
relative to the standard bases.

Let F : R? — R? be defined by F(z,y) = (2 —y, =+ y). Find the matrix representation
of F relative to the basis S = {(1,2),(2,3)}.

1 2
Let F : R? — R? have matrix representation [F|g = [0 _1 relative to a basis § =

{u1,u2}. Given that a vector v has coordinate vector [v]g = (3, —2), find [F(v)]s.

Let F': R? — R3 be defined by F(z,y,2) = (v +y + 2, 22+ ky + 2z, 2 +y + 2). Find all
values of k for which F is singular.

Let F: Pi(t) — R? be defined by F(a+bt) = (a—b, a+b). Show that F is an isomorphism,
and find a formula for F~!(z,y).
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Inner Product Spaces

Inner Product Spaces

Inner Product Space

Let V' be a vector space over R (or C). An inner product on V is a function that
assigns to every pair of vectors u,v € V a scalar (u,v) satisfying the following axioms
for all u,v,w € V and k € R (or C):

1. (u+v, w) = (u,w) + (v, w) (linearity in first slot)
2. (ku, v) = k{u,v) (homogeneity)
3. (u,v) = (v, u) (conjugate symmetry; = (v,u) over R)
4. (u,u) >0, and (u,u) = 0 if and only if u =10 (positive definiteness)

A vector space V equipped with an inner product is called an inner product space.
The norm (length) of a vector w is defined as

[ull = v/ (u, u).

A vector u with ||ul]| = 1 is called a unit vector, and the process of replacing u with
u/||u|| is called normalization.

Example 5.1 — The Standard Inner Product on R"

Let u = (1,—2,3) and v = (4,0, —1) in R3. Using the standard (Euclidean) inner product
(u,v) = ujvy + ugva + usvs, compute (u,v).

Solution:

Example 5.2 — Computing a Norm

Find ||u|| for u = (1,5, 3) in R? using the standard inner product.

Solution:
(uyuy =12+ (=5)? +32 =14+25+9 = 35.

lull = v/35
lull = | V35




Linear Algebra Examples of Inner Product Spaces

Example 5.3 — Past Paper 2024 Q1(xii) & 2025 Q1(x)

Normalize the vector v = (1,2,4,5). ]

Solution: First compute the norm:

o = V12422 442 +52 = VI+ 4+ 16+ 25 = V6.

The normalized (unit) vector is obtained by dividing each component by ||v||:

o (1 2 4 5)

V=77 ) ) ) .
o]l VA6 /46~ 46 /46

14+4+16+25 46

== =1
46 46 v

Verification: [|9]|? =

(S5
Il

Properties of the Inner Product

1. (u, v+w) = (u,v) + (u, w) (linearity in second slot, over R)

2. (u, kv) = k(u,v) over R; (u, kv) = k(u,v) over C (conjugate-homogeneity in
second slot)

3. (0, v) = (v, 0) =0 for every v € V (zero vector property)

4. ||kv|| = |k| ||v| for any scalar k (norm scaling)

5. |Ju|| > 0, with ||u|| = 0 if and only if u =0 (positive definiteness of norm)

Examples of Inner Product Spaces

Weighted Euclidean Inner Product

Weighted Inner Product on R"

Given fixed positive weights wy, wo, . .., wy,, the function

(u,v) = wiurv1 + WaoV2 + - - - + Wplnlp

defines a valid inner product on R"”, called a weighted Euclidean inner product.
Choosing all weights equal to 1 recovers the standard (unweighted) inner product.

Example 5.4 — Computing a Weighted Inner Product

Let u = (1,2) and v = (3, —1) in R?, with weights w; = 2 and ws = 5. Compute (u,v)
using this weighted inner product.

Solution:
(u, v) = wiurvy + wougvy = 2(1)(3) +5(2)(—1) =6 — 10 = —4.

<u,v> =
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Complex Inner Product Space C”

Standard Inner Product on C"

For w = (ui,...,uy) and v = (v1,...,v,) in C", the standard inner product is defined
using complex conjugates to guarantee (u,u) > 0:

(u,v) = w107 + w20z + -+ - + UpTy.

J

Example 5.5 — Inner Product in C?

Let u= (244, 1 —14) and v = (1, 2+ i) in C2. Compute {u,v).

Solution:

(u,v) = (2+4)(1) + (1 —i)(2 +1)
=24+ +(1—-19)(2—-19)
=240+ (2—1i—2i+i%)
=2+9)+(2-3i—-1)
= (2+14) + (1 — 3i)
=3-2i

(u,v) =3 —2i

Function Space Inner Product

Inner Product on a Function Space

Let V' = Cla,b] be the vector space of continuous real functions on the interval [a, b].
The function

b
(f.9) = / f(Dg(t) dt

defines an inner product on Cla, b].

Example 5.6 — Inner Product of Functions

Let f(t) =t and g(t) = t? in C[0,1]. Compute (f, g) using (f, g) = fol f(t)g(t)dt.

! ! 1 1 1
<f,g>_/0 Fe2 dt /0 £ dt [4]0 Too0=1

<ﬁm=E|

J

Solution:

Matrix Space Inner Product

Inner Product on M,, ,

For matrices A, B € M, ,(R), the function
(A, B) = tr(BT 4)

defines an inner product on M,y, ,, where tr denotes the trace (sum of diagonal entries).
This is equivalent to summing the products of corresponding entries of A and B.
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Example 5.7 — Inner Product of Matrices

1 2 2 1.
Let A= [0 _1] and B = [3 4] in My5. Compute (A, B).

Solution: Sum the products of corresponding entries:
(A,B)=1)2)+2)1)+0)3)+(-1)4)=2+24+0—-4=0.

Common Inner Product Spaces to Remember:

1. R™ with the standard (Euclidean) inner product (u,v) = > u;v;

2. R™ with a weighted inner product (u,v) = > w;u;v;, w; > 0

3. C™ with (u,v) = > u;T; (conjugate on the second vector)

4. Cla,b] with (f,g) = [ f()g(t) dt

5. My, with (A, B) = tr(BT A) (sum of products of corresponding entries)

6. When (u,v) = 0 for two nonzero vectors, they are called orthogonal (covered in
Section 5.5).

Cauchy-Schwarz Inequality and Applications

Cauchy-Schwarz Inequality

Let u, v be vectors in an inner product space V. Then:
|(w, 0)| < [lul| [[v]l-

Equality holds if and only if u and v are linearly dependent (one is a scalar multiple of
the other).

Triangle Inequality

Ir

Let u, v be vectors in an inner product space V. Then:
lu+ ol < lull + |lv]l-

This is also called Minkowski’s Inequality and follows directly from the Cauchy-
Schwarz Inequality.

J

Example 5.8 — Past Paper 2023 Q1(i)

If V' is an inner product space and u,v € V, show that

{u,v)

cosf = ——"—.
[l {J]]

,

J

Solution: By the Cauchy-Schwarz Inequality, |(u,v)| < [Jul ||v| for all nonzero u,v € V.
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Dividing both sides by |[Ju|| ||v] > 0:

{u, v)
] 1]l

0 with 0 < 0 < 7. This angle is defined to be the angle between v and v, giving:

Since the quantity always lies in [—1, 1], it is a valid value for the cosine of some angle

cosl =

Example 5.9 — Past Paper 2021 Q1(i)

Compute the angle between vectors v = (—1,1,2) and v = (2,1, —1). ]

Solution:
(u.0) = (~1)(@) + (DD) + @)(~1) = ~2+1-2= 3
Ju = V(12 +12+22 =6,  |v] =22+ 12+ (—1)2 = V6.
(u,v) -3 -3 1
cosf = = 2 _

lalllloll ~ v6-v6 6 2

Example 5.10 — Verifying the Cauchy-Schwarz Inequality

Verify the Cauchy-Schwarz Inequality for v = (1,2,3) and v = (4, —1,2) in R3. ]

Solution:
(u,v) = (D) +2)(-1)+(3)(2)=4—-2+6=38.

[(u,v)| = 8.
lul = VI+4+9=V14, o] = VI6+T+4=V2L
|| |v]| = V14 - V21 = /294 ~ 17.15.

Since 8 < 17.15:
[(u, v} < lull [lol] v

The Cauchy-Schwarz Inequality holds. O

Example 5.11 — Verifying the Triangle Inequality
Verify the Triangle Inequality for u = (3,0,4) and v = (1,2,2) in R3. ]

Solution:
u+v=(4,2,6).

lu+v| =vV42+22+62=+v16+4+ 36 = V56 ~ 7.48.
lu =vVI+0+16=v25=5, |v]|=vi+d+4=+/9=23.
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llul| + ||v]| =5+ 3 =S8.

Since 7.48 < 8:
lu+of < ull + vl v

The Triangle Inequality holds. O

Example 5.12 — Past Paper 2021 Q1(xii)

1 111
—) € R* with respect to the Euclidean inner product on

27 4736

Find the norm of (
RY.

Solution:

2= (0 (LAY (Y (Y2t a1
- \2 4 3 6/ 4 16 9 36

Using the common denominator 144:
36 n 9 n 16 n 4 65
144 144 144 144 1447

BV

lol* =

[0l =

144 12
ol =| 52>
12
Cauchy-Schwarz — Key Facts:
1. Cauchy-Schwarz guarantees H<u“’ HU>H € [—1, 1], which is what makes the angle formula
ull||v

well-defined.

2. Equality in Cauchy-Schwarz occurs exactly when u, v are parallel (one is a scalar mul-
tiple of the other).

3. 6 =90° (i.e. cosf = 0) exactly when (u,v) = 0 — this is the definition of orthogonality,
covered next.

4. Always compute (u,v), ||ull, and ||v| separately before substituting into the cosine
formula, to avoid arithmetic errors.

Orthogonality

Orthogonal Vectors and Orthogonal Complement

Vectors u,v in an inner product space V are called orthogonal if (u,v) = 0. For a
subset S C V, the orthogonal complement of S, denoted S=, is the set of all vectors
in V' orthogonal to every vector in S:

St={veV:(vs)=0forallsecS}

S+ is always a subspace of V, even if S itself is not.
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Example 5.13 — Checking Orthogonality

Determine whether u = (2, —1,3) and v = (1,5, 1) are orthogonal in R3. ]

Solution:
(u,v) =2)(H)+(-D)B)+3)(1)=2-5+3=0.

Since (u,v) = 0, the vectors are orthogonal. O

Example 5.14 — Past Paper 2023 Q1(xii)

1 2
Find a vector orthogonal to u; = |2| and us = | 1 |.
1 —4

Solution: A vector orthogonal to both u; and us can be found using the cross product

UuUp X ug:
k
1

— DD e

i
Up X U = 1
2 —4

=1((2)(—4) — (1)(1)) =3((D)(-4) = (1)(2)) + k((1)(1) - (2)(2))
=i(—8—1)—j(—4—2) + k(1 —4)
— —9i 4 6j — 3k.

So w = (—9,6,—3), or dividing by —3, the simplified vector w = (3, —-2,1).
Verification: (uj,w)=3—-44+1=0. v (ug,w)=6-2—-4=0.

w=|(3, =2, 1)

Example 5.15 — Finding an Orthogonal Complement

Find W+ where W = span{(1,1,0)} in R3. ]

Solution: We need all (z,y, z) such that ((z,v, 2), (1,1,0)) = 0:
r+y=0 = y=—x, =z free.

So every vector in W+ has the form (z, —x, z) = x(1, —1,0) + 2(0,0, 1).

W+ =|span{(1,—1,0), (0,0,1)}|,  dim(W") =2

Orthogonal Matrices

Orthogonal Matrix

A real square matrix P is called orthogonal if

PT'p=ppT =1,

equivalently, P~! = PT. This holds if and only if the rows of P (and equivalently the
columns of P) form an orthonormal set of vectors.
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Example 5.16 — Verifying an Orthogonal Matrix

3 4

Show that P = [ 5, §] is an orthogonal matrix.
-% 3

Solution: Compute PT P:

3 _4
Pl
5 5
3 4773 4 9 .16 12 _ 12
F —s|l | = 5 T 52 9F — a7 10
S IR (R A I o | A
5 5 5 5 25 25 25 1 25
Since PP = I, P is an orthogonal matrix. O

Example 5.17 — Past Paper 2021 Q1(xi)

If A is an orthogonal matrix, show that det A =1 or —1. ]

Solution: Since A is orthogonal, AT A = I. Taking the determinant of both sides:
det(AT A) = det(I) = 1.
Using the property det(A” A) = det(A”) det(A) and det(AT) = det(A):
det(A) -det(A) =1 = (det A)> = 1.

Taking the square root of both sides:
det A = +1

Example 5.18 — Past Paper 2024 Q1(vii) & 2025 Q1(vi)

Show that matrix P is orthogonal if and only if P7 is orthogonal.

Solution: (=) Suppose P is orthogonal. Then P'P = PPT = I. We must show
(PTTPT = pPT(PT)T = I. Since (PT)T = P, this becomes:
(PHT'PT=pPPT" =1 v
PP =P'P=1 v

So PT is orthogonal.
(<) Suppose PT is orthogonal. Then by the same argument applied to PT in place of
P:
PHYTPT =] = PPT=1 v

PIPHY' =] —= PTP=1 v

So P is orthogonal.
Since each condition implies the other, P is orthogonal if and only if PT is orthogonal. [

Example 5.19 — Past Paper 2023 Q1(xi)

Find an orthogonal matrix whose first row is (

)
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Solution: For a 2 x 2 orthogonal matrix, the second row must be a unit vector orthogonal

to the first row. A vector orthogonal to <

o (75 5)
negating one: | ———, — |.

V5 V5

1\2

Check unit length: | —— i
5 ( ) <\/5>

1

VA

i

Properties of Orthogonal Matrices

1. pt=p7T (inverse equals transpose)

2
) is obtained by swapping components and

V55

Oﬂ»—t
Il
=

5l
/~
P

(@)

ot

)+

Oﬂ»-lk
sl

Check orthogonality with row

Slsl=|

Sl =&l

2. det P = +1 (determinant restriction)

3. The rows of P form an orthonormal set, and so do the columns of P (orthonormal
rows and columns)

4. P is orthogonal if and only if PT is orthogonal (transpose symmetry)
5. The product of two orthogonal matrices is orthogonal (closure under
multiplication)

Orthogonality — Exam Strategy:
1. To test orthogonality of two vectors, simply check whether (u,v) = 0.
2. To find a vector orthogonal to two given vectors in R?, use the cross product.

3. To verify a matrix is orthogonal, check PTP = I (it is enough to check one of PTp=1
or PPT = I for a square matrix).

4. Building an orthogonal matrix from a given row/column: each remaining row/column
must be a unit vector orthogonal to all previously chosen rows/columns.

Orthogonal Sets and Bases

Orthogonal and Orthonormal Sets

A set S = {vy,v,...,v,} of nonzero vectors in an inner product space V is called an
orthogonal set if every pair of distinct vectors in S is orthogonal:

(vi,v5) =0 for all 7 # j.

If, in addition, every vector in S has norm 1 (i.e. ||v;]] = 1 for all ), then S is called
an orthonormal set. Any orthogonal set can be converted into an orthonormal set by
normalizing each vector (dividing it by its own norm).
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Example 5.20 — Verifying an Orthogonal Set

Show that S = {(1,1,1), (1,-2,1), (1,0,—1)} is an orthogonal set in R3. ]

Solution: Label the vectors v; = (1,1,1), vo = (1,—2,1), v3 = (1,0, —1), and check all
three pairwise inner products:

( 1)(1)=1-2+1=0.
0 +(1)(-1)=1+0-1=0.
(v2,v3) = (1)(1) + (=2)(0) + (1)(=1) =1+ 0—1 = 0.

Since all pairwise inner products are zero, S is an orthogonal set. O

Example 5.21 — Converting to an Orthonormal Set

Convert the orthogonal set from Example 5.20 into an orthonormal set. ]

Solution: Compute the norm of each vector:
ol =vVIFI+1=v3, |ul|=vitd+1=v6, |uvs]=vI+0+1=+2

Divide each vector by its own norm:

¢ U1 ( 1 1 1 ) ¢ ) ( 1 -2 1 )
1= =\ 7= = = ) 2 = =\ 7= = T = )
[[o]] V3 V3 V3 o2 6" v6" 6
U3

1 -1
q3:_: _707_
]| <x/§ V2

1

{a, 02,03} = {(\%,\%,%) , (\/Lé,\—/_g’%) ’ <\/i§,0,\_/—%)}

Orthogonal Sets Are Linearly Independent

Every orthogonal set of nonzero vectors in an inner product space V is linearly indepen-
dent.

Example 5.22 — Proving the Independence of Orthogonal Sets

Prove that an orthogonal set of nonzero vectors {v1,ve,...,v,} is linearly independent.

N———

[=2)

\.

Solution: Suppose aivi + asve + - - - + apv, = 0. Take the inner product of both sides with
v; (for a fixed but arbitrary index 7):

n
<Z a;Vyj, ’Ui> = (0,’Ui> =0.
j=1
By linearity of the inner product:
n
Z aj<vj, ’Ul'> =0.
j=1
Since S is orthogonal, (vj,v;) = 0 for every j # i, so all terms vanish except the j =i term:

al’<’l)¢, ’Ui> = 0.

Since v; is nonzero, (v;,v;) = |lv;||* # 0. Therefore a; = 0.
Since ¢ was arbitrary, a1 = as = --- = a, = 0, which is the trivial solution. Hence
{v1,...,v,} is linearly independent. O
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Example 5.23 — Orthogonal Set as a Basis

Using the result of Example 5.22, explain why the orthogonal set S = {(1,1,1), (1, -2,1), (1,0,
from Example 5.20 is a basis of R3.

Solution: By Example 5.22, an orthogonal set of nonzero vectors is always linearly inde-
pendent. Since S consists of 3 nonzero orthogonal vectors, S is linearly independent.

Since dim(R3) = 3 and S contains exactly 3 independent vectors, S automatically spans R?
as well. Hence:

S | is a basis of R® |
(In fact, S is called an orthogonal basis of R3.) O

Orthogonal Basis and Fourier Coefficients

An orthogonal basis of a vector space V is a basis that is also an orthogonal set. If

S = {v1,v2,...,v,} is an orthogonal basis of V, every vector v € V' can be written as:
VvV =C1U1 -+ C2V9 + -+ CnUn, Where ¢ = <'U, vZ) _ <'U, 'Uz‘2> .
(vi,vi) il

The scalars ¢; are called the Fourier coefficients of v relative to S. If S is instead an
orthonormal basis, the formula simplifies (since ||v;|| = 1) to:

v = (v,v1)v1 + (v, v2)vy + - -+ + (v, V) Vp.

Example 5.24 — Fourier Coefficients Relative to an Orthogonal Basis

Express v = (2,3, —1) as a linear combination of the orthogonal basis S = {(1,1,1), (1,—-2,1)
using Fourier coefficients.

J

<U,Ui>
o]

Solution: Compute each Fourier coefficient ¢; = reusing ||v1? = 3, [|v2]|®> = 6,

|lvs||? = 2 from Example 5.21:

4
(v,v1) =2+3—1=4, =g

-5
(v,v2) =2—6—1= =5, =&
3

(v,u3) =2+0+1 =3, €3 =5

Verification:

c1v1 + cov2 + c3v3 =

Example 5.25 — Coordinates Relative to an Orthonormal Basis

Express v = (2,3, —1) in terms of the orthonormal basis {q1, ¢2, g3} from Example 5.21.
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Solution: For an orthonormal basis, the coefficients are simply (v, ¢;) (no division by ||v;|?
needed):

_2+3—1_ 4
<U,Q1>—T—%-
_2-6—-1_ -5
<U,Q2>—T—%-
2+O+1_ 3
V22

<’U,Q3> = \/5

— |4, -2 3
V=180 \/5(.72—1'\/5(]3

Notice these coefficients relate to the Fourier coefficients of Example 5.24 by ¢, = ¢;||vi|| — e.g.
cl||vl||:§-\/§:\/i§. v O

Pythagorean Theorem

If w and v are orthogonal vectors in an inner product space V', then:

llu+ol* = [lull® + flo]|*.

Example 5.26 — Verifying the Pythagorean Theorem

Verify the Pythagorean Theorem for the orthogonal vectors v; = (1,1,1) and v =
(1,-2,1) from Example 5.20.

Solution:
v+ v = (2,-1,2).
o +val> =22+ (=12 +22=4+1+4=0.
P =1+1+1=3  |lof*=1+4+1=6.
lou]]® + [Joz]|* = 3+ 6 = 9.
Since ||v1 + v2]|? = 9 = |Jv1]|? + ||v2]|?, the Pythagorean Theorem is verified. O

Orthogonal Sets and Bases — Key Facts:

1. An orthogonal set of nonzero vectors is automatically linearly independent — no sep-
arate independence check is needed.

2. n nonzero orthogonal vectors in an n-dimensional space automatically form an orthog-
onal basis.

3. Fourier coefficients avoid solving a linear system: once a basis is known to be orthogonal,
<'U7 vi)

2
[[oi

each coefficient is found directly via ¢; =

4. For an orthonormal basis, the formula simplifies further to ¢; = (v, v;), since ||v;|| = 1.

5. The Pythagorean Theorem applies only when the two vectors are orthogonal — it is
a quick way to verify orthogonality was used/computed correctly.
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Gram-Schmidt Orthogonalization Process

Gram-Schmidt Orthogonalization Process

Let {u1,us,...,u,} be a basis of an inner product space V. The Gram-Schmidt
process constructs an orthogonal basis {v;,ve,...,v,} of V as follows:
U1 = uy,
_ (ug,v1)
V2 = U2 — 57— V1,
(v1,v1)
Uug, v ug, v
v3 = u3 — < 3 1>’U1— < 3 2)1]27
{v1,v1) (va, v2)
and in general, for each k =1,... n:

Each new vector vy is formed by subtracting from wuy its projections onto all previously
constructed vectors vy, ...,vg—1. Normalizing each v; (dividing by ||v;||) then produces
an orthonormal basis {q1,q2,...,¢,} of V.

Existence of an Orthonormal Basis .

Every finite-dimensional inner product space V has an orthogonal basis, and hence also
an orthonormal basis. Both can be obtained by applying the Gram-Schmidt process to
any basis of V.

Example 5.27 — Gram-Schmidt Process for Two Vectors

Apply the Gram-Schmidt process to u; = (3,4) and us = (1,2) in R? to find an orthog-
onal basis, then normalize to find an orthonormal basis.

Solution:
V1 = Uy = (3,4).

<UQ,U1> = (1)(3) + (2)(4) =11, (’Ul,’Ul> =9+16 = 25.

11 11 33 44 8 6
—up— = (1L2) - (34 = (1-2 2 )= (=2 2.
vz =uz = 5oon = (1,2) = 55 (3,4) ( 25’ 25) ( 25’ 25)

Check: (v1,v2) =3 (—%) +4 (%) = —% + % =0. v
Normalize:

2
lorll = VO+16 =5, loall = /5 + i35 = /53 = -

_Ul_(34> _1)2_(43)
Tl ~ 55 BT ] 5'5)

{a, 2} = {( ), (_%’ )}

S
N
ol

)
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Example 5.28 — Past Paper 2024 Q3(b) & 2025 Q3(b)

Apply the Gram-Schmidt process to the basis vectors u; = (1,1,1), ug = (0,1,1),
uz = (0,0,1) to transform them into an orthogonal basis, then normalize to obtain an

orthonormal basis.

Solution:
V1 =Uup = (1, 1, 1), <1)1,’Ul> = 3.
(ug,v1) =0+1+1=2.
2
v=up =z =01L1) 3111 = (=5 5 3), (=w=5+5+5=75
(ug,v1) =04+0+1=1,  (uzv9) =0+0+1 =1
1 1/3 1 1( 211
v3=U3—§01—2—/31)2:(0,0,1)—3(1,1,1)—5(—373,3)

o
b

= )
Check: (vq,v3) :0—%+% =0V, (va,v3) :0_%_1_% —
Normalize:

lorl = V3, el =\2=F,  ul=y/i= 5.

{a1, 92,03} = {(\%,\%,\%)7(_\/&6,%,%) ’ (0’_\/%’\%9

Example 5.29 — Past Paper 2021 Q6

Show that {(1,—-1,0),(2,—1,-2),(1,—1,—2)} is a basis of R3. Find an orthonormal
basis of R? using the Gram-Schmidt process.

Solution: Basis check: compute the determinant of the matrix with these vectors as rows:

1 -1 0
det [2 =1 —2| = 1((=1)(~2) — (~2)(~1)) — (~1)((2)(~2) = (~2)(1)) +0
1 -1 -2

—12-2)+1(-4+2)=0—2=—2.

Since det = —2 # 0, the vectors are linearly independent and form a basis of R3.
Gram-Schmidt: let u; = (1,—1,0), us = (2, -1, -2), ug = (1, -1, —2).

vy =u; = (1,-1,0), (v1,v1) = 2.

(’LLQ,’U1>:2+1-|—0:3.

3
wm=u—sn=(2-1-2)=3(1,-1,0)= (3, 3, =2),  (ww)=j+i+i=3
(ug,v1) =1+14+0=2,  (ug,m)=1-1+4=

2 4 8 (1 1
=t = g = gte = (L1 =2) = (L-L0) = § (3,3, -2)
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Normalize:

hall=v2, el =4/3= 3 llll= /B8 a=/B=2
— (1 1 — (2 V2 _2v2 (.2 _2 _1
qa = (77—770)7 92 = <Ta _T)7 a3 = (—ga—ga—g)-

{a1, 42,93} = {(%7 _\/L?O) ’ <\/T§= %57_%5) ? (_%7_%7_%)}

|

Example 5.30 — Past Paper 2023 Q6

Show that {(1,0,1),(0,1,1),(0,0,1)} is a basis of R3. Find an orthonormal basis of R3
using the Gram-Schmidt process.

Solution: Basis check: the matrix with these vectors as rows is upper triangular:

0 1
det [0 1 1] = (1)(1)1) =1#0.
0 1

S O =

Since the determinant is nonzero, the vectors are linearly independent and form a basis of R3.
Gram-Schmidt: let u; = (1,0,1), ug = (0,1,1), ug = (0,0, 1).

V1 =Ul = (1,0, 1), (Ul,U1> = 2.

<UQ,U1>:0+0+1:1.

1
v=u—gur=(0,1,1) = 5(1,0,1) = (=3, 1, 3),  (wuw)=g+1+5=3
{ug,v1) =0+0+1=1, (uz,v2) =04+ 0+ % = 3.
L 1/2 1 1 1 1
U3=U3—5’01—3/—21)2:(0,0,1)—5(17071)—3(_57175)

- (101 - (B AD = (b -4 ).

Normalize:

ol =vZ el = /3=, sl =/A+i+i= L.

0= (50%) e-(-hEg) w-(hodd)

{a1, 02,43} = {(\/%,0, %)(_%%\/L@) ’ (_VLE_\/%WL@)}

-

Gram-Schmidt — Exam Strategy:

1. Always compute v; = wuy first, then find v9 using only vy, then vg using both v; and
vo — never skip a projection term.

2. Keep (v;,v;) values recorded as you go; they are reused repeatedly in later projection
coeflicients.

3. Always verify orthogonality of each new v against all previous v; before moving on —
this catches arithmetic errors early.

4. Normalize only at the very end, after the full orthogonal basis {v1,...,v,} has been
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found — normalizing early makes the fractions in later projection steps far messier.

5. If the problem also asks to verify the given vectors form a basis first, use the determinant
test before starting Gram-Schmidt.
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Practice Problems

1. Let u = (2,—1,4) and v = (3,0, —2) in R3. Compute (u,v) and ||u].

2. Compute (u, v) for u = (1, —2) and v = (3, 1) using the weighted inner product with weights
w1 = 3, Wwo = 2.

3. Let u= (1+1i, 2) and v = (2 —4, 1+1) in C2. Compute (u,v).

4. Let f(t) =1 and g(t) = t? in C[0,2]. Compute (f,g) = f02 f(t)g(t)dt.

5. Normalize the vector v = (2, —3,6).

6. Verify the Cauchy-Schwarz Inequality for v = (2,1, —1) and v = (1, 3, 2).

7. Verify the Triangle Inequality for u = (1,—1,2) and v = (3,0, —1).

8. Find the angle between u = (1,0, —1) and v = (2,1, 2).

9. Determine whether v = (3,2, —1) and v = (1, -2, —1) are orthogonal.
10. Find W+ where W = span{(1,2, —1)} in R3.

11. Find a vector orthogonal to u; = (1,0,2) and us = (2,1, —1).

12. Show that P = [(1] _01} is an orthogonal matrix.

13. If A is a 3 x 3 orthogonal matrix with det A = —1, find det(A?).

4
14. Find an orthogonal matrix whose first row is <§, 5>.

15. Determine whether {(1,2,1),(2,—-1,0),(1,2,—5)} is an orthogonal set in R3.
16. Convert the orthogonal set from the previous problem into an orthonormal set.

17. Explain why an orthogonal set of 4 nonzero vectors in R* must automatically be a basis of
R4,

18. Express v = (1,4, —2) as a linear combination of the orthogonal basis {(1, 1,0), (1,—1,0), (0,0,1)}
using Fourier coefficients.

19. Verify the Pythagorean Theorem for the orthogonal vectors v = (2,0, —2) and v = (1,3, 1).

20. Apply the Gram-Schmidt process to u; = (1,1,0) and ug = (2,0,1) in R? to find an
orthogonal basis.

21. Apply the Gram-Schmidt process to u; = (1,1,1), ug = (1,0,1), ug = (1,1,0) to find an
orthonormal basis of R3.
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22. Show that {(1,2,0), (0,1,1),(1,0,1)} is a basis of R3, then apply the Gram-Schmidt process
to find an orthonormal basis.

23. Apply the Gram-Schmidt process to u; = (1,0,1,0), ug = (1,1,0,0), ug = (0,1,1,1) in R*
to obtain an orthogonal set.

24. Find an orthonormal basis for the subspace W = span{(1,1,0),(0,1,1)} of R? using the
Gram-Schmidt process.

25. Let W = span{(1, —1,1)} in R3. Find a spanning set for W, then apply the Gram-Schmidt
process to obtain an orthonormal basis of W=.
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